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PAPER
Adaptive Multi-Rate Designs and Analysis for Hybrid FSO/RF
Systems over Fading Channels∗

Vuong V. MAI†a), Student Member and Anh T. PHAM†, Member

SUMMARY This paper proposes the concept of adaptive multi-rate
(AMR), which jointly employs switching between two links and adaptive
rate on each link, for hybrid free-space optical/radio-frequency (FSO/RF)
systems. Moreover, we present the cross-layer design of AMR switching,
which is based on both the physical and link layers with an automatic-
repeat request (ARQ) scheme. We develop an analytical framework based
on a Markov chain model for system performance analysis. System per-
formance metrics, including frame-error rate, goodput and link switching
probability, are analytically studied over fading channels. Numerical re-
sults quantitatively show how the proposal significantly outperforms con-
ventional ones with physical layer-based design and/or fixed-rate switching
operation.
key words: hybrid FSO/RF, turbulence channel, automatic-repeat request
(ARQ), adaptive multi-rate (AMR)

1. Introduction

Free-space optical (FSO) communication is a wireless op-
tical communication technology based on the propagation
of light in free space. Achieving data rates comparable to
fiber optics without incurring exorbitant costs and requiring
significant amount of time for installation, FSO communica-
tion systems are able to provide low-cost, time-constrained
and high-bandwidth connectivity in various network scenar-
ios. However, several issues have hampered the practical
deployment of FSO systems. Caused by variations of the
air refractive-index due to solar heating and wind, atmo-
spheric turbulence results in rapid fluctuations in both in-
tensity and phase of received signals [1]. In addition, FSO
systems experience significant deterioration in the presence
of fog; even a moderate fog can cause 40 dB/km attenuation
[2]. These issues degrade the reliability and availability of
systems.

Recently, the integration of FSO and RF links has been
introduced in communication networks for achieving high
reliability and availability. This is logical due to the fact that
these systems are not affected in the same way by transmis-
sion media. In FSO links, the main degrading factors are fog
and atmospheric turbulence, whereas rain does not influence
notably. On the contrary, RF links are susceptible to heavy
rain conditions, but not fog or atmospheric effects [2]–[4].

There are basically two main types of hybrid RF/FSO
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implementations: (i) simultaneous transmission systems,
and (ii) switchover systems. In the simultaneous transmis-
sion systems, data is duplicated and transmitted simultane-
ously over both links [3], [5]–[7]. Though the simultane-
ous transmission systems offer high reliability, RF link re-
sources are, in principle, wasted whenever the FSO link is
in normal operation. Our study therefore focuses on the
switchover systems, and we presume that the FSO link is
favourable due to the fact that it potentially has higher data
rate, better energy efficiency, and the possibility to be com-
patible with fiber-optic systems. In the considered system,
the RF link works as a standby backup connection, and traf-
fic is switched to this link only when the primary FSO link
is down [2], [8]–[11].

Previously proposed switchover systems were based on
two fixed transmission modes. Consequently, these systems
become sensitive to short-term changes in the environment,
such as atmospheric turbulences. Reported in [9], even in
clear days switching between the FSO and RF links may
happen very frequently, which can lead to the degradation
of system throughput and availability. Therefore, to improve
the system performance under the impact of environmental
short-term changes, it is preferable that the hybrid systems
are employed more adaptive characteristics.

Motivated by link adaptation schemes, which have
been employed in RF wireless systems [12], [13], and
recently introduced for FSO systems [14]–[16], we pro-
pose adaptive multi-rate (AMR) scheme for hybrid FSO/RF
switchover systems, which jointly employs switching be-
tween two links and adaptive rate on each link. In particular,
unlike conventional systems, which directly switch from a
high data transmission rate of FSO link to a lower rate of
RF link when FSO channel quality degrades [2], [8]–[11],
the proposed system gradually reduces data rate in FSO link,
and only switches to RF link in the worst scenario. When
the system works on the RF link, transmission rate is also
chosen according to the RF channel states.

Furthermore, one of the most critical issues when ap-
plying AMR in switchover systems is to design switch-
ing thresholds, which are used for either link switching or
adaptive rate decisions. Conventionally, within the context
of FSO communications, the switching design is based on
the performance of physical layer for either link switching
[2], [8]–[11] or adaptive rate decisions [14]–[16]. In this
study, we employ the cross-layer design approach for AMR
switching that bases on the joint performance of physical
and link layers with automatic-repeat request (ARQ), an ef-
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ficient control mechanism for reliable transmissions in the
link layer [17]–[19].

To study the system performance, we newly develop an
analytical framework based on Markov chain model, which
reflects both link switching and adaptive rate operations. We
then analytically study the performance of proposed sys-
tems, in terms of frame-error rate, goodput and link switch-
ing probability, over fading channels. Numerical results
confirm the superiority of AMR schemes over conventional
designs, and that the cross-layer design is more efficient than
physical layer-based one.

The remainder of the paper is organized as follows.
The system descriptions are described in Sect. 2. In Sect. 3,
the concepts of AMR and threshold designs are presented.
The AMR Markov chain model and performance metrics
are presented in Sects. 4 and 5, respectively. The numerical
results are given in Sect. 6. Finally, Sect. 7 concludes the
paper.

Notation: Γ(.), Γl(., .) and Γu(., .) are the ordinary
Gamma, the lower incomplete Gamma and the upper incom-
plete Gamma functions, respectively; Kv(.) is the modified
Bessel function of second kind and order v-th; I0(.) is the
zero order modified Bessel function of the first kind; QM(., .)
is the Marcum function; B(., .) is the Beta function; erfc(.)
and erfcinv(.) are the complementary error function and its
inverse function.

2. System Descriptions

Figure 1 shows a point-to-point hybrid FSO/RF system in-
cluding two individual line-of-sight (LOS) FSO and RF
channels. The changes in the environment that affect on the
quality of channels can be divided into two kinds: (i) long-
term change caused by fog and/or rain: which is in order
of hours and depends on seasons, and (ii) short-term change
caused by fading: which is in order of milliseconds, may
happen daily. Originally, switching between FSO and RF
link is proposed to again the effects of long-term changes.
However, in current systems, the link switching may happen
frequently due to the effect of short-term one. In this study,
we therefore mainly focus on short-term change caused by
the fading channels.

Fig. 1 Hybrid FSO/RF system model with adaptive multi-rate scheme.

2.1 Channel Models

2.1.1 FSO Channel

The Gamma-Gamma distribution is generally accepted for
describing the turbulence-induced fading, h f , whose proba-
bility density function (pdf) is given by

fH f (h f ) =
2(αβ)

α+β
2

Γ(α)Γ(β)
h
α+β

2 −1
f Kα−β

(
2
√
αβh f

)
, (1)

where the pdf parameters α and β are given by

α =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.49σ2
R(

1 + 1.11σ12/5
R

)7/6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

−1

,

β =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.51σ2
R(

1 + 0.69σ12/5
R

)5/6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ − 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

−1

. (2)

Here, σ2
R is the Rytov variance, which is dependent upon the

link distance and the refractive index structure parameter.
Typically, weak turbulence fluctuations are associated with
σ2

R < 1, moderate with σ2
R ≈ 1, strong with σ2

R > 1, and the
saturation regime is defined by σ2

R → ∞ [14].

2.1.2 RF Channel

As a requirement for the FSO communications, a LOS path
always exists. Hence, the fading gain hr of RF channel is
assumed to be modeled by a Rician distribution,

fHr (hr) =
hr

σ2
r

exp
(
−h2

r + s2

2σ2
r

)
I0

(
hr s
σ2

r

)
, (3)

where 2σ2
r is the mean power of the sum of the non-specular

component, and s2 is the LOS component. We can rewrite
(3) as

fHr (hr) = 2(K + 1)hrexp
(
−K − (K + 1)h2

r

)

× I0

(
2hr

√
K(K + 1)

)
, (4)

where K = s2/2σ2
r , is the Ricean factor that depends on

various link parameters, such as link distance and antenna
height [20].

2.2 SNR Statistics

We define the instantaneous received signal-to-noise ratio
(SNR) of FSO and RF links as

γ f = γ f h
2
f , and γr = γrh

2
r , (5)

where γ f and γr are the average electrical SNR per symbol
of FSO and RF links, respectively.

For FSO link: : Using (1) and (5), after transformation
of random variable h f , we obtain the pdf of γ f as
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fγ f (γ f ) =
(αβ)

α+β
2

Γ(α)Γ(β)γ
α+β

4
f

γ
α+β

4 −1
f Kα−β

⎛
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√√√
αβ

√
γ f

γ f

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

(6)

while its cumulative distribution function (cdf) can be ex-
pressed as [6]

Fγ f (γ f ) =
1

Γ(α)Γ(β)
G2,1

1,3

⎡
⎢⎢⎢⎢⎢⎢⎣αβ

√
γ f

γ f

∣∣∣∣∣∣

1

α,β,0

⎤
⎥⎥⎥⎥⎥⎥⎦ . (7)

For RF link: According to [20], the pdf and cdf of γr

are given by

fγr (γr) =
K + 1
γr

exp
(
−K − (K + 1)

γr

γr

)

× I0

(
2
√

K(K + 1)
γr

γr

)
, (8)

Fγr (γr) = 1 − QM

⎛
⎜⎜⎜⎜⎜⎜⎝
√

2K,

√
2(K + 1)γr

γr

⎞
⎟⎟⎟⎟⎟⎟⎠ . (9)

3. Adaptive Multi-Rate

3.1 Adaptive Multi-Rate Concept

As Eq. (5) captures the nature of fading channels, the chan-
nel condition can be reflected by the instantaneous received
SNR. In Fig. 1, the channel state information (CSIs) refer to
the values of γ f and γr. They can be estimated at the re-
ceiver and fed back to the transmitter via a dedicated feed-
back link. In hybrid RF/FSO systems, to improve the utility
of RF link, it can be used as the feedback link to enable CSI
knowledge at the transmitter†. The scintillation fading pro-
cess, the coherence time of scintillation in order of 10−2 to
10−3 seconds, is slow compared to the data rates typical of
optical transmission. The coherence time of fading experi-
enced by RF channel is also in order of 10−1 to 10−2 seconds
(for the LOS path and the fixed transmitter/receiver). Due to
these slowly time-varying nature of fading channels, CSIs
are still up-to-date information when arriving the transmit-
ter [3].

Based on the information, the switching between two
links and adaptive rate in each link can be adjusted dynami-
cally at the transmitter. This is the main concept of proposed
AMR scheme.

3.1.1 Link Switching Operation

Transmissions occur cycle-by-cycle. Due to the fact that
FSO link works as the primary link in the system, the cycle
length is set to be equal the coherence time of scintillation.

†Another option is having an independent feedback channel for
each link due to the fact that both commercially available FSO and
RF units have full-duplex capabilities and a small portion of the
large available bandwidth can be allocated for feedback purposes
without much effect on data rates.

At the begging of a cycle, the system first has to decide the
transmission link. The FSO link will be used as long as its
link quality is above a certain threshold. Otherwise, the sys-
tem will resort to the RF link. To support link switching de-
cision, the CSI of FSO link is considered, a SNR threshold,
γth, is chosen as the link switching threshold. The thresh-
old is selected based on the lowest transmission rate of FSO
link, which is discussed later in Sect. 3.1.3. At cycle n, we
denote the link selected for transmitting data as Xn.

Xn =

{
FSO, γth ≤ γ f < ∞,
RF, 0 ≤ γ f < γth.

(10)

3.1.2 Adaptive Rate Operation

After deciding the transmission link, the system chooses the
transmission rate depending on selected link’s CSI. We as-
sume that, for FSO and RF links, there are respectively n
and m available transmission rate levels, which are arranged
as

ℜ f =
{
ℜ f 1,ℜ f 2, ...,ℜ fn

}
,

ℜr =
{ℜr1,ℜr2, ...,ℜrm

}
. (11)

We also divide, respectively, the range of FSO SNR and RF
SNR into (n+1) and (m+1) set of non-overlapping intervals
defined by the partition.

Γ f =
{
[γ f 0, γ f 1), [γ f 1, γ f 2), ..., [γ fn, γ f (n+1)

}
,

Γr =
{
[γr0, γr1), [γr1, γr2), ..., [γrm, γr(m+1))

}
, (12)

where γ f 0 = γr0 = 0 and γ f (n+1) = γr(m+1) = ∞. Each
interval is associated with a transmission rate according to
the following rule.

When the FSO link is selected:

R = ℜ f j, γ f j ≤ γ f < γ f ( j+1). (13)

When the RF link is selected:

R =
{
ℜri, γri ≤ γr < γr(i+1),
0, γr0 ≤ γr < γr1.

(14)

Note that R = 0 refers to the case where no data are trans-
mitted.

3.1.3 AMR

To combine the operation of link switching and adaptive
rate, γth is set to γ f 1, the threshold corresponding to low-
est transmission rate in the FSO link. Now the system can
run AMR based on a look-up table as illustrated in Fig. 2
(an example when m = n = 5). In addition, to control the
transmission rate, we employ adaptive modulation in our
system. As FSO systems typically use pulse-based modu-
lations, while phase modulations are preferred in RF sys-
tems, we assume that N-PAM (N = 2 j, j = 1, 2, ..., n) with
a symbol rate of Rf is used in FSO link, while M-QAM
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Fig. 2 Example of look-up table when m = n = 5.

(M = 2i, i = 1, 2, ...,m) with a symbol rate of Rr is adopted
in RF link†. The transmission rate is then given as

ℜ f j = jR f andℜri = iRr. (15)

Here, for the fixed symbol rate, in order to change the
transmission rate, we can change the signal constellation
size. Practically, this flexibility could be addressed via a
software-based configuration or implementation of the op-
erating function at the transmitter [21].

3.2 Switching Thresholds Designs

This section discusses one of the most critical issues when
applying AMR in the system: how to design switching
thresholds (i.e., γ f j and γri). Firstly, we introduce the con-
ventional design, which is based on the performance of
physical layer. Secondly, to further improve the system per-
formance, we employ the cross-layer design approach that
bases on the joint performance of physical layer and link
layer with ARQ.

3.2.1 Physical Layer-Based Design

The aim of AMR is to provide the highest possible trans-
mission rate while maintaining a required quality of service
(QoS). In physical layer based design, a target bit-error rate
(BER0) is considered as the common level of required QoS
for both links. So, the problem can be formally formulated
as

max R | R ∈
{
0,Rr, ...,mRr,Rf , ..., nRf

}

subject to BERR ≤ BER0 (16)

where BERR is the conditional BER of system whose trans-
mission rate is R. BERR is calculated based on the condi-
tional BER of N-PAM or M-QAM over the Additive white
Gaussian noise (AWGN) channel, which is well approxi-
mated by [14] and [12], as follows

†These two modulation formats are selected as an illustrative
example. However, the proposed scheme is applicable to arbitrary
multilevel modulations.

BER(N, γ f ) !
N − 1

Nlog2N
erfc

(
√

3γ f

2(N − 1)(2N − 1)

)
,

(17)

BER(M, γr) ! 0.2exp
[
− 3γr

2(M − 1)

]
. (18)

From (16)–(18), the switching thresholds are derived as

γ f j =
2(2 j − 1)(2 j+1 − 1)

3

[
erfcinv

(
2 j jBER0

2 j − 1

)]2

, (19)

γri =
−2(2i − 1)

3
ln (5BER0) . (20)

3.2.2 AMR/ARQ Cross-Layer Design

This design takes into account the error control ability of
ARQ, and uses a target link layer frame-error rate (FER0) as
the required QoS. This is expected to improve overall sys-
tem performance as in fact when ARQ is employed, the sys-
tem is stronger, and it may stay longer in the FSO link under
the presence of atmospheric turbulence.

We first consider the conditional frame-error rate
(FERR), where frames are formed with l transmitted bits.
Without any coding on this frame, the probability of a frame
error at a given instantaneous SNR is given as

FERR(γ) = 1 − [1 − BERR(γ)]l, γ ∈
{
γ f , γr

}
. (21)

By applying a probability union-bound, we have: 1 −
[1 − BERR(γ)]l ≤ lBERR(γ). The bound gets tighter as
BERR(γ) decreases when γ → ∞. So, we can derive an
approximation for the conditional FER as follows

FER(N, γ f ) ! lBER(N, γ f ), (22)
FER(M, γr) ! lBER(M, γr). (23)

Notice that the probability union-bound can be also used to
find the connection between the target link layer FER and
the target BER, this is: FER0 = 1 − (1 − BER0)l ≈ lBER0.

Next, we determine how to design the switching thresh-
olds, considering that ARQ is implemented in the link layer.
We set the maximum number of ARQ re-transmissions (i.e.,
the persistence level) to Ł. It means that a frame is consid-
ered to be lost only if it does not get through the links after
(Ł + 1) transmissions. To this end, the conventional FER0
can be translated into a new equivalent link layer target FER
of FER1/(Ł+1)

0 . So, the switching thresholds can be designed
based on the following conditions

max R | R ∈
{
0,Rr, ...,mRr,Rf , ..., nRf

}

subject to FERR ≤ FER
1

Ł+1
0 . (24)

Finally, from (22)–(24), the switching thresholds are
derived as

γ f j =
2(2 j − 1)(2 j+1 − 1)

3

⎡
⎢⎢⎢⎢⎢⎢⎢⎣erfcinv

(2 j jFER
1

Ł+1
0

l(2 j − 1)
)
⎤
⎥⎥⎥⎥⎥⎥⎥⎦

2

,

(25)
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γri =
−2(2i − 1)

3
ln

(5FER
1

Ł+1
0

l
)
. (26)

Note that (19) and (20) are the special cases of (25) and (26)
when Ł = 0.

Figure 3 compares the FER exact expression obtained
by (21) with its approximations obtained by (22), and jus-
tifies the use of the FER approximations. Figure 3(a)
also illustrates an example of how to obtain the switching
thresholds for variable values of Ł. Specifically, from the
crossover points found on the curves of FER1/(Ł+1)

0 with the
curves of FER(N, γ f ), we can find the corresponding values
of the thresholds. Obviously, when increasing the value of
Ł, the set of thresholds tends to be shifted to the left. As
a result, (i) the region that the system works on FSO link
(i.e., [γ f 1,∞)) is extended, and (ii) the region that the sys-
tem works with high data rate (i.e., [γ f 5,∞)) is extended.

In summary, for a given practical system, the following
parameters are known: the number of available transmis-

Fig. 3 Exact and approximate FERs for the AWGN channel when l =
1080 bits.

sion rates (n, m), the symbol rates (Rf , Rr), the levels of
required QoS (BER0, FER0), the frame length (l), the per-
sistence level (Ł). The concept of AMR and its designs can
be applied to the system as follows

• Creating the look-up table: the sets of transmission
rates (ℜ f ,ℜr) in (11) are pre-designed based on (15);
the sets of thresholds (Γ f , Γr) in (12) are pre-designed
based on (19), (20) for the physical layer-based de-
sign or (25), (26) for the AMR/ARQ cross-layer de-
sign. Figure 2 is an example of look-up table.
• Running AMR: At the beginning of a cycle, the re-

ceiver fed back to the transmitter CSIs (γ f , γr), sys-
tem runs AMR by following two steps: (i) deciding the
transmission link based on (10), and (ii) deciding the
transmission rate based on (13) if FSO link is selected
or (14) if RF link is selected.

4. Markov Chain Models

In this section, to analytically study the system performance,
we newly develop a Markov chain model, which reflects
both link switching and adaptive rate operations. Further-
more, in the model, we investigate the time-varying behav-
ior of atmospheric turbulence, which was often omitted in
modeling either link switching [8] or adaptive rate [14]–
[16]. However, as in AMR operation, we observe frame-
by-frame transmissions that capture the memory properties
of channel, it is important to include the time-varying be-
havior of atmospheric turbulence for more accurate perfor-
mance evaluation. Experimental results supporting the time-
varying behavior model can be found in [22] for the atmo-
spheric turbulence.

4.1 Markov Chain Model for AMR

The operation of AMR can be modeled as the Markov chain,
as shown in Fig. 4. There are two phases (i.e., FSO and RF)
and (N = n+m+1) states arranged in order, 1→ N, from left
to right. Each state expressing different transmission rates,
and the transmission rate decreases gradually from left to
right. Under a slow fading channel, we can assume that the
transitions only happen between adjacent states.

Initially, the system works in FSO phase with the
highest-rate mode (leftmost mode). Whenever the FSO
channel quality degrades, the system moves to a lower-rate
mode. In cases when the channel quality does not change

Fig. 4 The Markov chain for AMR operation.
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(or gets better), the system stays at the current mode (or
goes back the previous higher-rate mode). At the lowest-
rate mode of FSO phase, the system switches to RF phase
if the FSO channel quality continues to degrade. At this
time, based on the current channel quality of RF link, the
system selects the one having the most suitable rate from
m available modes. When the system stays in RF link, as
the coherence time of RF channel is much longer than that
of FSO channel (refer to Sect. 3.1), we further assume that
the RF channel state is constant with regard to that of FSO,
i.e. there is no state transition between two states in the RF
phase. Finally, right after the FSO channel is available, the
system goes back to FSO phase and increases rate gradually
from the lowest-rate mode

Obviously, in the Markov chain, there are four kinds of
state transition: (i) inside FSO phase, (ii) inside RF phase,
(iii) from FSO phase to RF phase, and (iv) from RF phase to
FSO phase. So, we construct a N×N state transition matrix
as follows

Q =
[

QFS O→FS O QFS O→RF
QRF→FS O QRF→RF

]
. (27)

4.1.1 Basic State Transition Analysis

To calculate the elements of the matrix, we first consider
a basic diagram for analyzing the state transition in Fig. 5.
Let γk−1 < γk < γk+1 < γk+2 be the thresholds of SNR. The
system is said to be in the state S (k) if the received SNR is
in the interval [γk, γk+1). To characterize the time-varying
behavior, at any threshold level of γth, there is a function
of level crossing rate (LCR), N(γth), which is defined as the
average number of times per second that the received SNR
of system passes (either upward or downward) the level of
γth. In addition, let T = l/R be the frame transmission time,
where R is the transmission rate and l is the frame size. Now,
the transition probabilities between S (k) and its neighboring
states are given as

pk,k+1 =
N(γk+1)T

Pr(γk)
, pk,k−1 =

N(γk)T
Pr(γk)

,

pk,k = 1 − pk,k+1 − pk,k−1, (28)

where Pr(γk) is the probability that the state S (k) is selected,
and thus computed as

Pr(γk) =
∫ γk+1

γk

fγ(γ)dγ = Fγ(γk+1) − Fγ(γk), (29)

where fγ and Fγ are the pdf and cdf of γ [23]. To apply (28)

Fig. 5 A basic diagram for analyzing the state transition.

into further analysis, we need to know LCR. Based on the
experimental results supporting the time-varying behavior
models, the LCR is inversely proportional to the coherence
time, t0, yet increases as the turbulence becomes stronger,
and can obtained as follows [22]

N(γ f ) =
1

4πt0
exp

⎛
⎜⎜⎜⎜⎜⎜⎝

1

2
(
1 − e4σ2

S

)
(
γ f − γ f

γ f

)2⎞⎟⎟⎟⎟⎟⎟⎠ , (30)

where σ2
S is log intensity variance, which describes the

strength of turbulence. The relation between σ2
S and σ2

R is
given by Eq. (10) of [24].

4.1.2 Sub-Matrix QFS O→FS O

Considering the transition between states inside FSO phase,
the following n × n state transition matrix can be used

QFS O→FS O

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ffn,n ffn,n−1 0 0 ··· 0 0
ffn−1,n ffn−1,n−1 ffn−1,n−2 0 ··· 0 0

0 ffn−2,n−1 ffn−2,n−2 ffn−2,n−3 ··· 0 0
0 0 ffn−3,n−2 ffn−3,n−3 ··· 0 0
...

...
...

...
. . .
...
...

0 0 0 0 ··· ff2,2 ff2,1
0 0 0 0 ··· ff1,2 ff1,1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (31)

where f j,k (1 ≤ j, k ≤ n) is the probability that our system
moves from a transmission rate of ( jR f ) to one of (kRf ) and
it is given as

ff j,k

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, |k − j| ≥ 2
N(γ f ( j+1))T

( j)
f

Pr(γ f j)
, k = j + 1

N(γ f j)T
( j)
f

Pr(γ f j)
, 1 ≤ j = k + 1 ≤ n

1 − ff j, j+1 − ff j, j−1, k = j " n
1 − ffn,n−1, k = j = n

, (32)

where T ( j)
f = l/( jR f ) is the frame transmission time with the

rate of jR f .

4.1.3 Sub-Matrix QFS O→RF

For transitions from FSO phase to RF phase, we consider a
n× (m+1) state transition matrix and its elements as follows

QFS O→RF =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

fr1,m fr1,m−1 · · · fr1,0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (33)

Obviously, the transitions only come from the lowest-rate
state of FSO phase. There are two simultaneous conditions
for this transition: (i) γ f of FSO link moves from [γ f 1, γ f 2)
to [0, γ f 1), and (ii) RF link has γr in [γri, γr(i+1)). Conse-
quently, we obtain
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fr1,i =
N(γ f 1)T (1)

f

Pr(γ f 1)
Pr(γri), ∀ 0 ≤ i ≤ m. (34)

4.1.4 Sub-Matrix QRF→FS O

The transitions from RF phase to FSO phase only depend
on FSO link quality. The condition is that γ f of FSO link
moves from [0, γ f 1) to [γ f 1, γ f 2).

QRF→FS O =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 rf0,1
0 · · · 0 rf1,1
...
. . .

...
...

0 · · · 0 rfm,1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (35)

where

rfi,1 =
N(γ f 1)T (i)

r

Pr(γ f 0)
, ∀ 0 ≤ i ≤ m, (36)

where T (i)
r = l/(iRr) is the frame transmission time with the

rate of iRr.

4.1.5 Sub-Matrix QRF→RF

As mentioned, there is no state transition between two states
in RF phase. Only self-transition happens in a state of RF
phase when the system does not go back FSO phase. This is
expressed by the condition of (1 − rfi,1).

QRF→RF

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rrm,m 0 0 0 ··· 0 0
0 rrm−1,m−1 0 0 ··· 0 0
0 0 rrm−2,m−2 0 ··· 0 0
0 0 0 rrm−3,m−3 ··· 0 0
...

...
...

...
. . .
...
...

0 0 0 0 ··· rr1,1 0
0 0 0 0 ··· 0 rr0,0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (37)

where

rri,i = 1 − rfi,1, ∀ 0 ≤ i ≤ m. (38)

4.1.6 Steady-State Probabilities

Let P = [p1 p2 ... pN] be the matrix of steady-state prob-
abilities, where pi is the probability of the i-th state in the
equilibrium. Generally, following Markov chain theory, we
have

{
P = PQ,∑N
i=1 pi = 1,

(39)

where Q is the transition matrix obtained in (27).
In order to find the elements of P, we can transform

(39) into a basic set of linear equations formed as: Ax = B
and then solve it by using standard Gaussian elimination.
Here, x = [p1 p2 ... pN]T , B = [0 0 ... 1]T and A = [ai j]N×N
where ai j is given as

Fig. 6 The Markov chain for fixed rate systems.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

aii = qii − 1,∀ 1 ≤ i ≤ N,
ai j = qi j,∀ 1 ≤ i ≤ N − 1, 1 ≤ j ≤ N, i " j.

aN j = 1,∀ 1 ≤ j ≤ N.
(40)

4.2 Markov Chain Model for Conventional Designs

In these designs, transmission rate of each link is fixed, and
the link switching threshold is designed based on a target
BER0. We assume that a fixed M-QAM/N-PAM is adopted.
There are two SNR thresholds obtained from (19) and (20):
γ f j and γri, where j = log2N, i = log2M.

A Markov chain in Fig. 6 can be used to model the op-
eration of the system. Notice that there are only two states.
The system works on state 1 and state 2 when γ f stays in
[γ f j,∞) and [0, γ f j), respectively. The state transition and
its elements are given as follows

Q =
[

q11 q12
q21 q22

]
, (41)

q12 =
N(γ f j)T

( j)
f

1 − Fγ f (γ f j)
, q11 = 1 − q12, (42)

q21 =
N(γ f j)T

(i)
r

Fγ f (γ f j)
, q22 = 1 − q21. (43)

Finally, by applying (39) with N = 2, all steady state
probabilities (i.e., p1 and p2) can be obtained for the con-
ventional designs.

5. Performance Metrics

We define several metrics to analytically study the perfor-
mance of hybrid FSO/RF systems for AMR1 (i.e., physi-
cal layer-based design), AMR2 (i.e., AMR/ARQ cross-layer
design), and the conventional designs. To illustrate the con-
ventional designs, where transmission rate of each link is
fixed, and the link switching threshold is designed based on
a target BER0, we assume that a fixed M-QAM/N-PAM is
adopted.

For a fair comparison, the link layer ARQ for control-
ling frame re-transmissions is considered in all cases. It is
important to note, however, that while in AMR2 the switch-
ing thresholds depend on the persistence of ARQ; in other
cases they are fixed.

5.1 Adaptive Multi-Rate

We first focus on deriving common closed-form expressions
for performance parameters, which can be applied for both
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AMR1 and AMR2 by using their own switching thresholds.

5.1.1 State Properties

When the system stays in a k-th state, it is characterized
by several parameters, including steady-state probability
(pk), state transmission rate (Rk), and state frame-error rate
(FERk). While pk and Rk are already discussed in the previ-
ous sections, the state frame-error rate is defined as follows

FERFS O
k =

1
pk

∫ γ f ( j+1)

γ f j

FER(2 j, γ f ) fγ f (γ f )dγ f

=
1
pk

(
ϑ f (γ f ( j+1)) − ϑ f (γ f j)

)
, (44)

FERRF
k =

1
pk

∫ γr(i+1)

γri

FER(2i, γr) fγr (γr)dγr

=
1
pk

(
ϑr(γr(i+1)) − ϑr(γri)

)
, (45)

where [γ f j, γ f ( j+1)) (or [γri, γr(i+1))) is the corresponding
range operation of the k-th state in the FSO (or RF) link.
In addition, we define

ϑ f (γ f j) =
∫ γ f j

0
FER(2 j, γ f ) fγ f (γ f )dγ f , (46)

ϑr(γri) =
∫ γri

0
FER(2i, γr) fγr (γr)dγr, (47)

and their closed-form expressions are given in (48) and (49).
The derivation for these equations can be found in the Ap-
pendixes.

5.1.2 Frame-Error Rate

The average FER is defined as the ratio of the average num-
ber of erroneously received packets over the total average
number of transmitted packets, as follows

FER =
∑N

k=1 Rk pkFERk
∑N

k=1 Rk pk
. (50)

Since ARQ with the persistence level of Ł is implemented at
the link layer, with the average FER in (50), the actual FER
is given as

FER = FER
Ł+1
. (51)

ϑ f (γ f j) =
(2 j − 1)l

j2 j

T∑

t=1

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

atB(α − β, 1 − α + β)
2g

β+α
2

t Γ(α)Γ(β)

∞∑

p=0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ap(α, β)

γ
p+β

2
f

Γl(
p + β

2
, gtγ f j) −

ap(β,α)

γ
p+α

2
f

Γl(
p + α

2
, gtγ f j)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
, (48)

ϑr(γri) =
0.2l(K + 1)
γreK

∞∑

q=0

(−1)q

q!Γ(q + 1)

[
K(K+1)
γr

]q

[
3

2(2i−1) +
K+1
γr

]q+1 Γl

(
q + 1,

[
3

2(2i − 1)
+

K + 1
γr

]
γri

)
. (49)

5.1.3 Average Link Layer Goodput

Average goodput is defined as the average number of suc-
cessfully bits transmitted per unit time. We also consider the
effects of ARQ re-transmissions in the definition of goodput
as follows

G =
(1 − FER)R

1 + Ł
, (52)

where R and Ł are the average transmission rate and the av-
erage number of re-transmissions per frame, respectively.
These parameters are given by

R =
N∑

k=1

Rk pk, Ł =
Ł∑

v=0

vFER
v
(1 − FER). (53)

5.1.4 Link Switching Probability

In FSO/RF systems, the link switching probability is defined
as the probability that the system stays in RF link [8]. So,
this can be calculated as

Psw =

N∑

k=n+1

pk. (54)

5.2 Conventional Designs

Similar to the adaptive multi-rate cases, the states are char-
actered by (pk, Rk, FERk), where 1 ≤ k ≤ 2. In here,
R1 = jR f , R2 = iRr, and pk is already discussed in Sec-
tion 4.2. In addition, the mode frame-error rates are defined
as

FER1 =
1
p1

∫ ∞

γ f j

FER(2 j, γ f ) fγ f (γ f )dγ f =
ϑ∗f (γ f j)

p1
,

(55)

FER2 =
1
p2

∫ ∞

0
fγr (γr)FER(2i, γr)dγr =

ϑ∗r
p2
, (56)

where the derivation for ϑ∗f (γ f j) and ϑ∗r can be found in the
Appendixes.

Finally, by applying (51), (52) and (54) with N = 2,
all performance parameters can be obtained for the conven-
tional designs.
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6. Numerical Results and Discussions

In this section, using the previously derived formulations,
we present selected numerical results illustrating the perfor-
mance of hybrid FSO/RF link for analyzed cases. For the
AMRs, m = n = 5 is assumed. For the conventional de-
signs, a fixed M-QAM/N-PAM with M = N = 2, 4, 8, 16, 32
is adopted. Moreover, for AMR1 and conventional designs,
where thresholds are designed independently of the persis-
tence of ARQ, a fixed value of Ł = 2 is assumed, while for
AMR2, Ł varying from 1 to 4 is assumed. In addition, we as-
sume the atmospheric coherence time t0 = 1 ms, the frame
size l = 1080 bits, the symbol rates Rf = 200 Msps and
Rr = 30 Msps†, the target bit error rate BER0 = 10−5. For
fading channels, the Ricean factor K = 6 dB, which cor-
responds to the Ricean fading channel in RF link, and the
Rytov variance σ2

R = 0.9, which corresponds to the mod-
erate turbulence-induced fading in FSO link, are assumed.
The following numerical results obtained by (51), (52), and
(54) are plotted as a function of the average electrical SNR
per symbol of FSO link, γ f , and the average electrical SNR
per symbol of RF link, γr.

Figure 7 depicts the average link layer goodput perfor-
mance for the AMR1 system and a fixed rate system with 32-
PAM/32-QAM. In both systems, at high SNR of FSO link
the system could achieve high goodput by operating on the
FSO link, whereas at the low SNR the system tends to oper-
ate in the RF link and thus achieving a low goodput. How-
ever, the changing between these levels is different in two
cases. Particularly, in Fig. 7(a), due to adaptive multi-rate
scheme, we can remain a smooth change between low and
high goodput levels. In Fig. 7(b), due to the fact that there
are only two transmission rate levels, a sudden change may
happen when SNR varies. Moreover, in this figure, there
exists a large zero-goodput region where the goodput nearly
drops to zero. For example, the goodput distribution surface
corresponds to

{
γ f , γr | γ f < 30 dB, γr < 25 dB

}
.

Next, for further comparisons, in Fig. 8, we consider
the average link layer goodput as a function of a common
SNR defined as γ = γ f = γr. More importantly, we also
compare the performance of AMR2 with different values of
the persistent level and fixed-rate systems with different val-
ues of modulation order. In fixed-rate cases, there are re-
markable points: (i) a system with high-order modulation
may achieves high maximum goodput (e.g., Gmax = 1000
Mbps when M = N = 32), yet it has a large zero-goodput
region, and (ii) a system with low-order modulation may
achieves low maximum goodput (e.g., Gmax = 200 Mbps
when M = N = 2), yet it has a small zero-goodput region.
Therefore, it is hard to determine the fixed-rate system that
can simultaneously offer high maximum goodput and small

†Due to this setting, the maximum transmission rate of FSO
link and RF link is 1000 Mbps and 150 Mbps, respectively. These
values are selected as an illustrative example; it, however, is pos-
sible to illustrate a higher range by setting higher values of Rf and
Rr.

Fig. 7 Average link layer goodput versus the average electrical SNR per
symbol of FSO link γ f and RF link γr .

Fig. 8 Average link layer goodput versus the common SNR γ.

zero-goodput region.
On the other hand, compared to the fixed-rate cases,

AMRs have significantly better performance thanks to the
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Fig. 9 Frame-error rate versus the common SNR γ.

Fig. 10 Link switching probability versus the average electrical SNR per
symbol of FSO link γ f .

adaptive multi-rate strategy. For example, to achieve the
goodput of 700 Mbps, compared to the system with fixed
32-PAM/32-QAM, the system with AMR1 offers more than
5-dB gain. Furthermore, the comparison of AMRs shows
that AMR2 performs more efficiently than AMR1. It is also
seen that the increase of persistence level further improves
the goodput. The improvement is due to the cross-layer de-
sign.

Figure 9 emphasize the advantage of AMRs in terms
of improving the reliability of system. The actual FER,
corresponding to the different cases depicted in Fig. 8, are
shown. Obviously, both proposed deigns have the stable
FER, which is always lower than the target FER0 (i.e.,
l × BER0 = 10−5 × 1080 ≈ 10−2). This phenomenon does
not happen in fixed-rate cases, especially with high-order
modulations.

Next, we analyze the link switching probability in
Fig. 10. As the link switching operates only based on the
instantaneous received SNR of FSO link, we consider the
link switching probability versus γ f . In addition, for fixed-
rate systems, only modulation order of PAM is considered;
in all cases, the modulation order (N = 1, 2, 3, 4, 5) increases

from left to right. As is evident, for fixed-rate systems, oper-
ating in a low modulation order may help decrease the link
switching probability. For example, with lowest modulation
orders, M = N = 2, the link switching probability of fixed-
rate system is compatible with AMR1. However, as proved
previously, the low modulation order causes low maximum
goodput.

More importantly, we also investigate the effects of at-
mospheric turbulence on the link switching probability per-
formance. We assume σ2

R = 0.59, σ2
R = 0.9, and σ2

R = 1.2
for the weak, moderate and strong turbulence conditions,
respectively. Obviously, the atmospheric turbulence greatly
affects on the system performance. For example, to keep the
link switching probability under 10−2, the required SNRs
(with AMR2 and Ł = 3) are higher than 27 dB, 35 dB and
42 dB corresponding to the weak, moderate and strong tur-
bulence conditions, respectively. For a given SNR and tur-
bulence conditions, comparing the designs, AMR2 always
achieves the best performance.

Finally, as in the cross-layer design, the key parameter
reflecting the operation of ARQ is the persistence level, we
summarize the effect of this parameter on the performance
of AMR2 from Figs. 8–10. Obviously, higher value of per-
sistence level will result in better performance. However,
the improvement increases slowly in high value of Ł. Note
that, in practical implementation, a small value of Ł can help
the transmitter manage frame transmissions more simply,
and it may also incur lower delay and energy consumption
[19]. We therefore highly recommend AMR2 with Ł = 3 for
practical systems.

7. Conclusions

We have proposed the concept of AMR for hybrid FSO/RF
switchover systems to enhance overall system performance.
We discussed two designs for AMR switching thresholds. A
Markov chain model was presented to theoretically analyze
the system performance. Closed-form expressions of sys-
tem performance parameters of proposed designs and con-
ventional designs were derived over fading channels. The
results showed that compared to the fixed-rate cases, AMRs
have significantly better performance, and among AMRs
the cross-layer design in general performs more efficiently
than the physical layer-based one. In addition, it was found
that the recommended value of persistence level is 3 for the
cross-layer design.
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Appendix A: Derivations of ϑ f (γ f j)

We first use a approximation for erfc(.):

erfc(x) =
T∑

t=1

atexp(−bt x2), (A· 1)

where T ∈ Z+, at =
2(θt−θt+1)
π , bt =

1
sin2θt

, θt = tπ
2T [25]. So,

FER(2 j, γ f ) can be rewritten as

FER(2 j, γ f ) =
(2 j − 1)l

j2 j

T∑

t=1

atexp(−gtγ f ), (A· 2)

where gt =
3bt

2(2 j−1)(2 j+1−1) . Substituting (A· 2) to (46), we have

ϑ f (γ f j) =
(2 j − 1)l

j2 j

T∑

t=1

∫ γ f j

0
atexp(−gtγ f ) fγ f (γ f )dγ f .

(A· 3)

Now, using a series expansion of the modified Bessel func-
tion of second kind [26],

Kv(y) =
π

2 sin(πv)

∞∑

p=0

[
(y/2)2p−v

Γ(p − v + 1)p!

− (y/2)2p+v

Γ(p + v + 1)p!
], v # Z, |y| < ∞, (A· 4)

we rewrite fγ f (γ f ) as

fγ f (γ f ) =
B(α − β, 1 − α + β)

2Γ(α)Γ(β)

∞∑

p=0

[
ap(α, β)

γ
p+β

2
f

γ
p+β−2

2
f

− ap(β,α)

γ
p+α

2
f

γ
p+α−2

2
f ], (A· 5)

where ap(x, y) is given by
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ap(x, y) =
(xy)p+y

Γ(p − x + y + 1)p!
. (A· 6)

Let’s define ℘ f =
∫ γ f j

0 atexp(−gtγ f ) fγ f (γ f )dγ f . By using
(A· 5), making the change of variable k = gtγ f , and then
applying the lower incomplete Gamma function, Γl(m, x) =∫ x

0 km−1exp(−k)dk, we can obtain the closed-form expres-
sion of ℘ f , that is

℘ f =
atB(α − β, 1 − α + β)

2g
β+α

2
t Γ(α)Γ(β)

∞∑

p=0

[
ap(α, β)

γ
p+β

2
f

Γl(
p + β

2
, gtγ f j)

− ap(β,α)

γ
p+α

2
f

Γl(
p + α

2
, gtγ f j)]. (A· 7)

Finally, submitting (A· 7) to (A· 3), we achieve (48). In this
equation, according to [25] and [26], we run p from 0 to 40,
and t from 1 to 3 to have a good accuracy.

Appendix B: Derivations of ϑr(γri)

Using (8) and a series expansion of the modified Bessel
function of first kind for the zero order, we obtain

fγr (γr) =
K + 1
γr

exp
(
−K − (K + 1)

γr

γr

)

×
∞∑

q=0

(−1)q

q!Γ(q + 1)

[
K(K + 1)

γr

γr

]q

. (A· 8)

Substituting (A· 8) and (23) to (47), we have

ϑr(γri) =
0.2l(K + 1)
γreK

×
∞∑

q=0

(−1)q

q!Γ(q + 1)

∫ γri

0
(bγr)qexp (−aγr) dγr,

(A· 9)

where

a =
3

2(2i − 1)
+

K + 1
γr
, b =

K(K + 1)
γr

. (A· 10)

Let’s define ℘r =
∫ γri

0 (bγr)qexp (−aγr) dγr. By making the
change of variable k = aγr, and then applying the lower
incomplete Gamma function, we can obtain

℘r =
bq

aq+1 Γl(q + 1, aγri). (A· 11)

Finally, substituting (A· 10) and (A· 11) to (A· 9), we achieve
(49).

Appendix C: Derivations of ϑ∗
f
(γ f j)

ϑ∗f (γ f j) can be derived as same way of ϑ f (γ f j). To change
the interval of integration from [0, γ f j] to [γ f j,∞), we
use the upper incomplete Gamma function, Γu(m, x) =∫ ∞

x
km−1exp(−k)dk. So, By replacing Γl(., .) by Γu(., .) in

(48), we get the closed-form expression of ϑ∗f (γ f j).

Appendix D: Derivations of ϑ∗r

ϑ∗r can be derived as same way of ϑr(γri). To change the
interval of integration from [0, γri] to [0,∞), we use the or-
dinary gamma function, Γ(m) =

∫ ∞
0 km−1exp(−k)dk. So, By

replacing Γl

(
q + 1,

[
3

2(2i−1) +
K+1
γr

]
γri

)
by Γ(q+1) in (49), we

get the closed-form expression of ϑ∗r .
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