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Performance Analysis of MIMO/FSO Systems Using SC-QAM
Signaling Over Atmospheric Turbulence Channels**

SUMMARY  We theoretically analyze the performance of multiple-
input multiple-output (MIMO) free-space optical (FSO) systems using sub-
carrier quadrature modulation (SC-QAM) signaling. The system average
symbol-error rate (ASER) is derived taking into account the atmospheric
turbulence effects on the MIMO/FSO channel, which is modeled by log-
normal and the gamma-gamma distributions for the cases of weak-to-strong
turbulence conditions. We quantitatively discuss the influence of turbulence
strength, link distance, and different MIMO configurations on the system
ASER. We also analytically derive and discuss the MIMO/FSO average
(ergodic) channel capacity (ACC), which is expressed in terms of average
spectral efficiency (ASE), under the impact of various channel conditions.
key words:  Free-space optical (FSO) communications, multiple-input
multiple-output (MIMO), subcarrier quadrature-amplitude modulation
(SC-QAM), atmospheric turbulence, channel capacity.

1. Introduction

Free-space optical (FSO) communications, also known as
optical-wireless communication, is a cost-effective, license-
free, high security and high bandwidth access technique,
which has received considerable attention recently for a va-
riety of applications [1]-[3]. In spite of the major advan-
tages of FSO communications, its widespread use is ham-
pered by several challenges in practical deployment. For ex-
ample, aerosol scattering caused by rain, fog, and snow re-
sults in degrading the system performance, leaving the FSO
link vulnerable to unfavorable weather conditions [4].

One of major impairments to the performance of FSO
systems is the influence of atmospheric turbulence [5],
which will be the focus of this paper. Atmospheric turbu-
lence caused by variations in the refractive index due to in-
homogeneties in temperature, pressure fluctuations, humid-
ity changes, and motion of the air along the propagation
path of the laser beam. This results in irradiance fluctua-
tions in the received signal, i.e., the signal fading, which
severely degrades the system performance. Therefore, pow-
erful fading-mitigation techniques need to be deployed for
FSO links particularly with transmission distances of 1 km
or longer [6]. Error-control coding in conjunction with inter-
leaving can be employed in FSO communications to combat
fading phenomenon [7], [8].
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Recent works have shown that, similar to radio com-
munications, the effect of fading over FSO links can be sig-
nificantly reduced by employing a multiple-input multiple-
output (MIMO) FSO system with multiple lasers at the
transmitter and multiple photodetectors at the receiver. The
first use of space diversity on FSO systems has been pro-
posed in [9]. In [10], [11] Lee, Shin and Chan have de-
rived the outage probability of MIMO/FSO systems over
log-normal turbulence channels assuming Gaussian noise
statistics that can be considered as a limiting case of Pois-
son statistics. In [12], [13] Wilson et al. have formulated and
analyzed symbol-error probability (SEP) and bit-error prob-
ability (BEP) of MIMO/FSO transmissions assuming pulse-
position modulation (PPM) and Q-ary PPM in both log-
normal and Rayleigh fading channels. In [14] Navidpour et
al. have investigated the bit-error rate (BER) performance
of MIMO/FSO links for both independent and correlated
log-normal atmospheric turbulence channels. In [15], un-
der the assumption of intensity-modulation/direct-detection
(IM/DD) with on-off keying (OOK), a closed-form expres-
sion for the BER expression of single-input single-output
(SISO) case and approximated closed-form BER expres-
sions of MIMO/FSO links over strong turbulence channels
in terms of Meijer’s G-functions have been investigated.
However, most of existing works have mainly employed
OOK and PPM modulation techniques due to its simplic-
ity and low cost. Whereas, because of the presence of at-
mospheric turbulence, OOK modulation requires to select
adaptive thresholds appropriately to achieve its optimal per-
formance and PPM modulation has a poor bandwidth effi-
ciency.

To overcome the limitations of OOK and PPM, subcar-
rier intensity modulation schemes, such as subcarrier phase-
shift keying (SC-PSK) and quadrature-amplitude modula-
tion (SC-QAM), have been proposed to modulate several
digital streams from the same source onto different radio-
frequency (RF) subcarrier frequencies. The combined signal
is then applied to vary the laser irradiance in order to achieve
higher system capacity by employing each RF subcarrier
frequency to a different data source. PSK has been first
proposed as an alternative modulation technique for FSO
communication systems by Huang ef al. in [16]. Thereafter,
the performance of PSK intensity modulated FSO commu-
nications has been extensively investigated [17]-[22]. Be-
sides the PSK modulation, QAM has also gained attention
over FSO links. High spectral efficiency is the main advan-
tage of QAM since a 2X-QAM constellation has K times
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the spectral efficiency of a binary PSK constellation. In
[23], [24] Cvijetic and Bekkali studied mathematical av-
erage SEP and BEP of orthogonal frequency-division mul-
tiplexing (OFDM) signals over nonfading and fading FSO
link for different types of modulation, including QPSK, 16-
QAM, and 64-QAM. In [25] Hassan et al. presented the
ASER for subcarrier intensity modulated wireless optical
communications with general order rectangular QAM by
using the series expansion of the modified Bessel function
[26]. Furthermore, average SEP of general-order rectangu-
lar QAM of FSO system over atmospheric turbulence chan-
nels can be found in [27], [28]. Most recently, the SEP and
BER analyses of FSO systems with avalanche photodiode
(APD) receiver over atmospheric turbulence channel have
been reported [29], [30]. However, to the best of our knowl-
edge, the performance analysis of MIMO/FSO systems us-
ing SC-QAM signaling has not been appeared in the litera-
ture.

In this paper, our goal is to study the performance of
MIMO/FSO systems employing SC-QAM signaling over
atmospheric turbulence channels. The average symbol-error
rate (ASER) are theoretically derived when both log-normal
and the gamma-gamma distributions are used to model the
cases of weak-to-strong turbulence conditions. Based on
our analytical solution of derived formulas, it is feasible to
evaluate the ASER for specific parameters of the free-space
optical links. Various numerical results are presented that
demonstrate our mathematical analysis. Moreover, we also
analytically derive and discuss the MIMO/FSO average (er-
godic) channel capacity (ACC), which is expressed in terms
of average spectral efficiency (ASE), under the impact of
various channel conditions and system parameters.

The remainder of the paper is organized as follows.
In Section 2, the system descriptions and channel mod-
els are presented. In Section 3, the performance analysis
on the ASER of MIMO/FSO systems using SC-QAM sig-
naling is evaluated for weak-to-moderate and moderate-to-
strong turbulence channels modeled by the log-normal and
the gamma-gamma distributions, respectively. The system
ACC is also presented in this Section. The numerical results
are provided in Section 4. Finally, the paper concludes with
a summary given in Section 5.

2. System Descriptions
2.1 FSO System using SC-QAM

The FSO system using SC-QAM signaling with single trans-
mitter and single receiver (SISO system) is described in Fig.
la. In this system, QAM symbol is first used to modulate a
subcarrier frequency f; this electrical subcarrier QAM sig-
nal is then used to modulate the intensity of a laser. Gener-
ally, the electrical QAM signal can be given by

e(1) = (1) cosQr fut)—sp() sin@rfur), 0 <t < Ty, (1)

where s;(f) = 2, ai()g(t—iT) is the in-phase signal and

so(H)= Z;‘;_w b(t)g(t=jTy) is the quadrature signal; a;(¢) and
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Fig.1  Block diagram of MxN MIMO/FSO communication system us-
ing SC-QAM signaling over atmospheric turbulence channel

b(t) are the in-phase and the quadrature information signal
amplitudes of the transmitted data symbol, respectively; g(¢)
is the signal shaping pulse, and T is the symbol interval.
Equivalently, the transmitted optical intensity can be given
as

s(t)= P{1+k[s,() cosrfot)—so(t) sin@r fit)]}, ()

where « is the modulation index and 0 < ¥ < 1. P, denotes
the average optical power per symbol. The received optical
intensity, after being distorted over the turbulence channel,
can be written as

r(t)y= XaP {1+ s(1)cos 2 fut) - so(t)sin@af.D]).  (3)

In this equation, a is the atmospheric attenuation factor,
X represents the signal scintillation caused by atmospheric
turbulence and can be modeled as a stationary random pro-
cess. The DC term {aP,X} can be filtered out by a bandpass
filter. The electrical signal at the photodetector (PD) output
can be expressed as

r.(t) = XaR Pske(t) + v(r), (@)

where R denotes the PD’s responsivity; uv(z) is receiver
noise, which can be modeled as additive white Gaussian
noise (AWGN) process with power spectral density Np.
Electrical signal is then QAM demodulated and sampled to
recover the original data.

2.2 MIMO/FSO System using SC-QAM

In this section, we consider a general MxN MIMO/FSO
system using SC-QAM signaling with M lasers pointing to-
ward an N-aperture receiver as depicted in Fig. 1b. Data
transmission with the same SC-QAM signal is transmitted
with perfect synchronization by each of the M telescopes
through an turbulence channel toward N PDs. The light
beam-width of each telescope is assumed to be wide enough
to illuminate the entire receiver array. The transmitter’s tele-
scope array is assumed to produce the same total optical
power irrespective of M to enforce a fair comparison with
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the single transmitter case. The distance between the each
transmitting telescope to the receiving one is assumed to be
sufficient so that spatial correlation is negligible.

The MIMO/FSO channel can be modeled by an M X N
matrix of the turbulence channel, denoted as X = [an]%’n[\;l.
Similar to Eq. 4, the electrical signal at the input of the
QAM demodulator can be expressed as follows

M N
ro() =aR Pke(r) Z Z Xy + (1), n=1,2..,N, (5)

m=1 n=1

where e(?) represents the QAM signal and v(¥) is the total
receiver noise as defined above. X,,, denotes the station-
ary random process for the turbulence channel from the mth
laser to the nth PD. When the equal gain combining (EGC)
detector is employed at the receiver to estimate the trans-
mitted signal, the instantaneous electrical SNR can be ex-
pressed as a finite sum of sub-channels as

y=[ZZ WT] : (©6)

m=1 n=1

where y,,, is the random variable (r.v.) defined as the instan-
taneous electrical SNR component of the sub-channel from
the mth laser to the nth PD, and it can be expressed as

1 2
—=X,maR Pk
_ v > 7 X2 %

mn N, - /Smn“*mn>
0

in which, we denote y,,, as the average electrical SNR con-
tributed by the sub-channel between the mth laser and the
nth PD. Y, is given by ¥, = (575aR P,k)*/N.

2.3 Atmospheric Turbulence Channel Models

When optical signal propagates through the FSO channel,
the signal’s amplitude and phase are fluctuated due to the
atmospheric turbulence. For weak atmospheric turbulence
conditions, the turbulence induced scintillation is assumed
to be a random process that follows the log-normal distribu-
tion [27]; whereas for moderate-to-strong turbulence condi-
tions, a gamma-gamma distribution is used [31].

2.3.1 Log-normal Turbulence Model

In the log-normal turbulence channel, assuming that the av-
erage of scintillation is normalized to unity, the probability
density function (p.d.f) for r.v. X,,, representing the turbu-
lence of the sub-channel between the mth laser and the nth
receiver can be described as [27]

In(x)+ % )2
(In(x)+%) ] ®

1
exp |-
o V2 [ 203

where 02 = exp(¥; + ¥>) — 1 with ¢ and ¢ being respec-
tively given by

Sx,(X)=
X

3
" 0.490’% ©)
1 = 9
(1 +0.1842 + 0.560,2°)7/°
and
0.5102(1 + 0.690-12/3)-5/6
)= 2 2 ) (10)

1+0.9d2 + 0.62d2)*°

In Egs. (9) and (10), d = +kD?/4L, where k = 27/
is the optical wave number, L is the link distance in meters,
A is the optical wavelength, and D is the receiver aperture
diameter of the PD. The parameter o-% is the Rytov variance
and in this case, is expressed by [31]

o3 = 0.492C2K0 L1, (11)

where C2 stands for the strength of the atmospheric turbu-
lence, which is altitude-dependent and varies from 1077 to
10-*m~2/3 accordingly to the turbulence conditions.

2.3.2 Gamma-Gamma Turbulence Model

For the case of the gamma-gamma channel, the p.d.f of a
normalized gamma-gamma r.v. X,,, is given as [31]

atf
2(af)? s

= — 2 Ka_ 2 N 12
Foul® = TR s(2Vapx).  (12)
where I'(-) is the Gamma function and K,_g(-) is the mod-
ified Bessel function of the second kind of order (a — f3),
while the parameters @ and § are directly related to atmo-

spheric conditions through the following expression:

a=[expy)-1]".8

The parameters « and S are related with the scintillation in-
dex by

=[exp) - 1], (13)

Sl=—+-+—. (14)

Fig. 2 shows the p.d.f for a few instances of the tur-
bulence strength. For S7 < 0.8, the gamma-gamma dis-
tribution resembles a log-normal distribution. The gamma-
gamma distributions with turbulence strength values of S =
0.8, 81 =1.2,and S1 = 2.0 are quite different with smaller
amplitudes than the log-normal distributions in two specific
cases of ST = 0.45 and S I = 0.55. In particular, the gamma-
gamma model has higher density in the low amplitude re-
gion, resulting in a more unexpected impact on the system
performance.

3. Performance Analysis
3.1 ASER Derivation

The atmospheric turbulence channel can be modeled as a
slow-fading process because its temporal correlation time,
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which is on the order of several milliseconds, is much larger
than the QAM symbol duration. The ASER averaged over
the turbulence channel therefore can be expressed as

MIMO

P, = fr P.(y) X fr(D)dT. (15)

Here, vy is the instantaneous electrical SNR, which is
a function of y,, as given in Eq. (6). I = {Ty,,n =
1,...Nom = 1,..., M} is the matrix of the MIMO atmo-
spheric turbulence channels. P,.(y) is the conditional error
probability (CEP) of the received instantaneous electrical
SNR. For SC-QAM systems, the CEP P,(y) is given by [32]

Ply)=1-

1-240M0) 04 |[1-2aM QU oVR . (16)

where M; and M, are respectively in-phase and quadra-
ture signal amplitudes, g(x) £ 1 — x', Q@) =
1/V2n fx * exp(~12/2)dt is the Gaussian Q-function which
relates to the terms of the complementary error function
erfc(-) by Q(x)= %erfc(x/ V2), A, =(6/[(M12 -1+ rz(Mé -
D)2, and Ag = (62/[(M? = 1)+ r*(M% = 1)])'"?, in which
r = dg/d; is the quadrature to in-phase decision distance
ratio.
Equation (16) can further be written as follows

P.(y)=2q(M)QO(A; \¥)+2q(Mp)Q(Ag \y)
~4q(M1)g(Mo)Q(A; \y) Q(Ag V).

Replace (17) into (15), ASER of the MIMO systems
can be derived as

a7

MIMO

=2401) f AA; V7) fo)dT
+261(MQ)fF AAg ) fr(dr (18)

_4gM)qdy f AT VF) fi(D)dT
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Assuming that MIMO sub-channels’ turbulence pro-
cesses are uncorrelated, independent and identically dis-
tributed (i.i.d.), the joint p.d.f f(I") can be reduced to a prod-
uct of the first-order p.d.f of each element I',,,, [33]. From
Egs. (7), (8) and (12), the p.d.f of the r.v. T}, in case of
weak/moderate and strong turbulence channels can be, re-
spectively, given as

(ln(%)ﬂri)2

o
exp| —
2Yun0 s N21 P 802

fl"m,, (Ymn) = )» ( 19)

and,

@7y [
n — - mn a 2 mn )' 20
)= iy o2\ [2) @0

3.2 Average Channel Capacity

In this section, we analytically derive the average channel
capacity (ACC) for the MxN MIMO/FSO link in the pres-
ence of atmospheric turbulences. This is a crucial metric for
evaluating the optical link performance. The ACC can also
be expressed in terms of average spectral efficiency (ASE) in
bits/s/Hz if the frequency response of the channel is known.
We assume that the optical channel is memoryless, station-
ary, ergodic with i.i.d. turbulence statistics and perfect chan-
nel state information (CSI) is available at both the transmit-
ting lasers and the aperture receivers, the system ASE can
be defined as

= jr‘ log, 1 +y)fr(D)dl’, (bit/s) (21)

where B is the channel’s bandwidth and v is the total chan-
nel SNR as given in Eq. (6) and T'={[,;,,,n = 1,....,N,m =
1, ..., M} is the matrix of the MIMO atmospheric turbulence
channels. Similarly, the joint p.d.f fr(I') can be reduced to a
product of the first-order p.d.f of each element I',,,. The
p.d.f of the r.v. I}, in case of log-normal and gamma-
gamma channels are given in Eqs. (19) and (20), respec-
tively. As a result, the system ASE expressed in Eq. (21)
can be calculated through multi-dimensional numerical in-
tegration.

3.2.1 Capacity of Log-normal MIMO/FSO Channels

Using (19) and (21), the ASE of a log-normal MIMO/FSO
channel can be expressed as

1 In(1+y,,)

s V27 1n(2) f Ymn

( Yoy )2 (22)
xexp[ 8—%] dymm.

Using the equality In(1+x)= Y5 (-1 xk/k, (0<x<
1), and the scaled complementary error function erfcx(x)=

D:JIQI
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exzerfc(x), the integral (22) can be transformed to the sum-
mation in Eq. (23). In Eq. (23), [}, = ln(?mn)—of with 7y,
is the instantaneous received SNR output of EGC detector,
and Co=exp(-I?/802)/21n2.

3.2.2  Capacity of Gamma-Gamma MIMO/FSO Channels

Substituting (20) into (21), the average capacity of a
gamma-gamma MIMO/FSO channel can be given by
a+f
_ (_f_
C Yo
—=——"—— [ In(1+ym
B T@r@m 1)

Ll+ﬁ ;y
X’Ymn K, af 2 (Zﬂ —

Y un-

mn

Using the Meijer G-function, GH4[-], to express the log-
11
x|w] ([34], eq. (11)), and

Kp(x) = %vao[ = ;] (1341, eq. (14)), the ASE can be ex-
' 22 2
pressed by

arithmic term of In(1 + x) = G;%

c/2

ap

C_ (vr) ol @Br [
B 4nl(a)L(B)In(2) 26

16, 14,422 -4,
wherec =a+Bandd = a - .
4. Numerical Results

In the following analysis, we evaluate the ASER for differ-
ent values of C2: 1 x 1075 m™/3, 9 x 10715 m=2/3, and
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3 x 107* m™2/3 for weak, moderate, and strong turbulence
conditions, respectively. As mentioned earlier, the log-
normal distribution model is used for the case of weak tur-
bulence; whereas the gamma-gamma distribution model is
used for cases of moderate to strong turbulence. In addition,
we consider the receiver aperture with diameter D = 0.08 m,
and the operational wavelength A = 1.55 ym, while the dis-
tances L of 1000 m, 2000 m, and 3000 m are chosen for the
free-space links. It is noted that the influence of the atmo-
spheric turbulence conditions has slight effect to the system
performance when the link distance is shorter than 1000 m.

Fig. 3 illustrates the ASER as a function of the average
electrical SNR, y = ﬁa%Psk)z /Ny, for different values
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Fig.7 ASE, E/B, versus the average electrical SNR, 7y, of different
MIMO/FSO channels for weak to strong turbulence strength, Cﬁ, the link
length L = 1000 m

of link distance L. We consider different MIMO configura-
tions of 2 X 2 and 4 x 4 for FSO systems using SC-QAM
over weak turbulence with C2 = 1 x 10715 m™2/3. The per-
formance of SISO/FSO SISO system (i.e. (M = N = 1))
is also included in Fig. 3 as a benchmark. As it is clearly
shown, the performance is improved significantly with the
increase of number of lasers and receivers, which, as a re-
sult, could increases the transmission link distance. More
specifically, when the link distance L increases from 1000
m to 2000 m and 3000 m, a significant error performance
degradation is observed for the same SNR. However, as ex-
pected, ASER decreases as number of lasers M and receiver
N increase from M = N =2to M = N = 4. Itis seen in Fig.
3 that, in case of L = 2000 m, when the MIMO configura-
tion changes from SISO to 2 x 2 MIMO or 2 x 2 MIMO to
4 x 4 MIMO, it results in an average gain of approximately
5 dB at the ASER of 107°.
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In Figs. 4-6, the impacts of the turbulence strength C2
on the error performance of various system configurations
with different link distances L = 2000, 4000, 6000 m are an-
alyzed. As can be observed in Fig. 4, when L = 2000 m the
systems’ performance depends strongly on the value of C2.
For example, to get the ASER = 107° the 4 x 4 MIMO/FSO
system increases y = 6 dB and 7 dB from weak to moderate
and from moderate to strong cases, respectively. We also
can obtain this ASER value by adding about 5 dB and 10
dB for 2 x2 MIMO/FSO and SISO systems, respectively. In
addition, by comparing these three figures, it is seen that the
ASER also strongly depends on the link distance. In partic-
ular, for the 4 x 4 MIMO/FSO system with the weak turbu-
lence strength C2 = 1 x 10713, the average electrical SNRs
required to achieve the ASER of 1076 for L = 2000, 4000
and 6000 are 17,20.5 and 24.5 dB, respectively.
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Next, using the closed-form expressions of (23) and
(25), we evaluate the ASE of MIMO/FSO channels as a
function of the average electrical SNR at the receiver, Y.
We use (23) for the cases of weak turbulence with log-
normal distribution model, while (25) is used for moderate
to strong cases with the gamma-gamma distribution. We use
the system parameters and three different values of turbu-
lence strength and link distance, C,%, L, as discussed above.
Here again, SISO/FSO channel is also included in the nu-
merical results as a benchmark.

Figures 7-9 illustrate the ASE of different MIMO/FSO
channels (i.e., 2 X 2 and 4 x 4 MIMO/FSO channels) with
respect to ¥, for three values of the turbulence strength C2
(e, C2 = 1 x 1075 m™23, 2 = 9x 107" m™2/3, and
C% =3 x 107 m~2/3, for weak, moderate and strong turbu-
lence conditions, respectively), and with three different link
distances (L = 1000, 3000 m, and 6000 m). It can be also
seen that the ASE strongly depends on the atmospheric tur-
bulence strength, and as the link distance gets longer, the
influence of atmospheric turbulence becomes stronger. Ob-
viously, the ASE under the weak turbulence conditions is
higher than in the cases of moderate and strong turbulence,
especially with longer link distance L. The reason of this
is that as optical link distance gets longer, the signal prop-
agates in the atmospheric with longer distances, the influ-
ence of the turbulence therefore becomes stronger. On the
other hand, as expected, the ASE could be improved by ap-
proximately 1 (b/s/Hz) when the system is upgraded from
SISO/FSO to 2 x 2 MIMO/FSO or from 2 x 2 MIMO/FSO
to 4 x 4 MIMO/FSO.

5. Conclusions

We have presented the performance analysis on the aver-
age channel capacity and ASER of MIMO/FSO systems us-
ing SC-QAM signaling over atmospheric turbulence chan-
nels. The log-normal and gamma-gamma distribution mod-
els were used to describe the fluctuation of the optical prop-
agating over atmospheric turbulence channels. We analyti-
cally derived the system ASER and ASE considering differ-
ent link conditions and MIMO configurations. The numer-
ical results showed that, with the similar link distance and
turbulence strength, when the FSO system is upgraded from
SISO to 2 x 2 MIMO or 2 x 2 MIMO to 4 x 4 MIMO, an
average gain of approximately 5 dB at the ASER of 1076
could be obtained. As well, regardless the link distance and
turbulence condition, the ASE of the FSO link could be im-
proved by approximately 1 (b/s/Hz) when the system is up-
graded from from SISO/FSO to 2 x 2 MIMO/FSO or from
2 x 2 MIMO/FSO to 4 x 4 MIMO/FSO.
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