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Abstract

This paper takes advantage of a 3D �eld topology anal-

ysis for automating visualization design aiming at vol-

ume data mining. The conventional Reeb graph-based

approach to describe the topological features of 3D sur-

faces is extended to capture the topological skeleton of

a volumetric �eld. Based on the analysis results, which

are represented in the form of hyper Reeb graph, we pro-

pose two methods for e�ective geometric object �tting

and two principles to design appropriate color/opacity

transfer functions for direct volume rendering. Feasibil-

ity study of the present methodology is performed with

a large scale 4D simulated dataset from atomic collision

research.

Keywords: Volume visualization, visual data mining,

comprehensible rendering, transfer function, isosurface,

Reeb graph.

1 Introduction

Volume visualization has served as an indispensable tool

to explore the inner structures and complex behavior of

volumetric objects embedded in large-scale sampled or

simulated 3D datasets. However, the rapid increase in

data size makes it di�cult for us to su�ciently adjust

visualization-related parameters for generating informa-

tive images. Those representative parameters include

the target level for isosurfacing and transfer functions

for direct volume rendering. In order to compensate the

lack of interactivity, and to provide the user with the

serendipity[7], an auxiliary mechanism must be devel-

oped, which chooses appropriate values for the visual-

ization parameters based on some available quantitative

properties of a given volume dataset.

This paper proposes a novel approach to automating

the settings of visualization parameter values for volume

data mining. To this end, the conventional Reeb graph-

based approach to topological modeling of 3D surfaces

[1, 2] is extended to capture the topological skeleton of

�An revised version of this paper is to be published in IEEE
CG & A, Vol.20, No.5, September/October 2000.

a volumetric �eld. The analyzed results are represented

in the form of hyper Reeb graph[3], which gives the basic

reference structure for designing comprehensible volume

visualization.

The remainder of this paper is organized as follows.

The next section gives an overview of Reeb graph, and

describes how we extend the concept to construct a hyper

Reeb graph from a given volume. Section 3 delineates

two methods for e�ective geometric object �tting and

two design principles for appropriate hue/opacity trans-

fer functions. In Section 4, the implementation aspect

of the methodology is focused on. Then we apply the

present methodology to visualizing a large scale 4D sim-

ulated dataset from atomic collision research in Section 5.

Finally, we discuss the extensibility of the methodology,

and address related future issues in Section 6.

2 Representing Volume Field Topology

2.1 Reeb graph

Reeb graph has recently been used as a tool for analyz-

ing 3D surface topology in terms of splitting and merg-

ing of equi-height contours [1, 2]. Let hf be a height

function of a target surface, and let p and q be points

on the surface. The Reeb graph of the height function

hf is obtained by identifying p and q, if the two points

are contained in the same connected component on the

cross-section of the surface at the height hf(p)(= hf(q)).

When using Reeb graph, any surface can be character-

ized topologically with its nodes which represent either

of three kinds of critical points, i.e., peak, pass, and pit,

and which are connected to each other by an edge for a

set of topologically-equivalent connected contours on con-

secutive cross-sections. Figure 1 shows two kinds of sim-

ple surfaces, ellipsoid and torus, and their corresponding

Reeb graphs. Note that as for the torus, altering direc-

tions of axis for de�ning the height function may give

di�erent Reeb graphs. In other words, Reeb graph is an

unambiguous, but non-unique representation of the sur-

face topology. For the precise de�nition of Reeb graph,

see [1].
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Figure 1: Reeb graphs for simple 3D surfaces. (a) Ellipsoid;

(b) Torus.

2.2 Hyper Reeb graph

Hyper Reeb graph (HRG for short hereafter) is an exten-

sion of the Reeb graph concept to 3D volume �elds [3].

Theoretically, a volume can be decomposed into an in-

�nite number of isosurfaces with di�erent target values.

The topological feature of each isosurface can be cap-

tured by using the Reeb graph with a common de�nition

of height function. Therefore, by examining the sequence

of isosurfaces in terms of the structure of Reeb graphs, we

can �nd a particular �eld value, termed critical �eld value

(CFV ), on which the topological equivalence of consec-

utive isosurfaces is broken. HRG is a hierarchical graph

consisting of two layers of topological data speci�cation.

The top layer of the graph is a linear directed graph con-

necting in an ascending order, m nodes vi with CFVs

fi(i = 1; :::;m) and two boundary nodes v0 and vm+1

with minimum and maximum �eld values f0 and fm+1,

respectively. Each edge e(vi; vi+1) retains as its weight,

the corresponding topologically-equivalent Reeb graph at

the bottom layer as well as the length of the �eld inter-

val li;i+1 (= fi+1 � fi). Note that if the �eld interval

is open (closed), its boundary nodes are depicted with a

void (solid) circle.

As a running example, let us consider the following

analytical volume:

f(x; y; z) = a2 + b2

a = exp(�

q
x2 + y2 + z2 + 1� 2

p
x2 + y2)

b = exp(�

q
x2 + y2 + z2 + 1 + 2

p
x2 + y2)

A simple arithmetic shows that the volume, which is

called metatorus hereafter, has a single CFV f1(= 2e�2)

when and only when a = b. Figure 2 illustrates how we

construct the HRG for the volume. From the resulting

HRG we observe that:

� As the �eld value increases, ellipsoidal isosurfaces

get diminished, and crushed in the direction of the

x-axis. Then as passing by the CFV, a single hole

appears around the origin, to generate the sequence

of nested tori.

� As the �eld value increases further, the diameter of

the rounded tube of the tori becomes smaller.

Height function is defind
along the y-axis.
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Figure 2: Constructing HRG for metatorus volume.

3 Comprehensible Volume Visualization

Now we attempt to take advantage of the HRG-based

volumetric �eld topology description in order to sophis-

ticate the conventional volume visualization techniques.

3.1 Geometric object �tting

We consider the following two options:

� Method 1: Simultaneous display of m + 1 semi-

transparent isosurfaces, each of which is extracted

with a �eld value (fi + fi+1)=2 at the midpoint of

topologically-equivalent �eld interval [fi; fi+1] (i =

0; :::;m). We can determine a plausible value for

the opacity of each isosurface so as to reect the

mutual relationships among li;i+1 (i = 0; :::;m) in

order to allow us to understand the relative thick-

ness of topologically-equivalent �eld intervals.

� Method 2: Decomposing a given volume V

disjointly into a sequence of m + 1 inter-

val volumes IV (fi; fi+1) (i = 0; :::;m); i.e.,

V =
Sm

i=0
IV (fi; fi+1). Interval volume was pro-

posed in [4] as a solid data representation of 3D sub-

volume for which the associated �eld value lie within

a speci�ed closed �eld interval. Topologically-

equivalence gives the rigid basis for the volume de-

composition. In addition, the boundaries of each

interval volume convey informative shape of isosur-

faces with CFVs, where the topology of level sur-

faces exactly changes.

Figure 3 visualizes the metatorus volume with the

above two methods in a comprehensible manner. The

selected isosurfaces in Figure 3(a) can also be utilized as

an e�ective set of basic frames for the ip book approach

to volume rendering. On the other hand, the set of inter-

val volumes in Figure 3(b) is expected to serve as a good

initial step for more sophisticated volume segmentation.

3.2 Transfer function design

It is well-known that one of the most signi�cant factors

for determining the quality of volume rendered images is

transfer functions, which map physical �elds of a given

volume dataset to optical properties, such as color and

opacity. There are several previous research results on
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Figure 3: Geometric object extraction from metatorus vol-

ume based on HRG in Figure 2. The upper-right-front oc-

tant of volume is cropped. (a) Simultaneous display of two

isosurfaces with 0:21 (ellipsoid) and 0:64 (torus); (b) De-

composition into two interval volumes IV [0:15; 0:271] and

IV [0:271; 1:0].

(semi-)automating transfer function design for informa-

tive volume rendering, which are bisected into the two

major categories, image-guided (e.g., [9, 10]) or input

volume content-based (e.g., [13, 11, 12]). The approach

presented herein can be regarded as a novel one in this

second category.

The basic idea of designing appropriate transfer func-

tions based on HRG is to accentuate the topological

change in volume �elds around CFVs in terms of both

color (hue) and opacity. We will specify the two trans-

fer functions within the analyzed subdomain [f0; fm+1].

Hue and opacity transfer functions are set to be unde-

�ned and 0 (fully transparent) outside of the subdomain,

respectively (see Figure 4).

The following two design principles are considered:

� Principle 1: The color transfer function is designed

so that the change in hue is uniform with respect to

�eld value, except for a constant jump �h at each

CFV fi (i = 1; :::;m). On the other hand, the opac-

ity transfer function is designed to be a constant

�(> 0), except for a common hat-like small eleva-

tion around each CFV fi (i = 1; :::;m), whose height

and width are �o and !o, respectively (Figure 4(a)).

� Principle 2: The hue transfer function is designed

to be stepwise elevated at a constant rate �h, except

for the linear change within a small interval of length

!h around CFV fi (i = 1; :::;m). On the other

hand, the opacity transfer function is designed to

have small constant elevation �o relative to the base

height � within the same interval of length !o(= !h)

around CFV fi (i = 1; :::;m) (Figure 4(b)).

Figure 5 compares volume rendered images of the

metatorus volume with the two di�erent designs of trans-

fer functions. The transfer functions designed accord-

ing to the principle 1 are useful for visually grasping

topologically-equivalent interval volumes. On the other

hand, the transfer functions designed according to the

principle 2 are bene�cial for observing the change in topo-

logical structures near CFVs in detail. In addition, this
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Figure 4: Design principles of transfer function accentua-

tion. (a) Principle 1; (b) Principle 2.

principle is suitable for the bisection search for CFVs in

the digital settings (see Section 4), because in general, a

CFV is likely to be speci�ed as an internal point belong-

ing to an �eld interval of the minimum length.

(a) (b) (c)

Figure 5: Volume rendering of metatorus with accentuated

transfer functions. (a) Using continuous hue and at opac-

ity transfer functions (reference); (b) Using accentuated

transfer functions according to principle 1 (�h = 2=3�;� =

0:02; �o = 0:06;!o = 0:04); (c) Using accentuated trans-

fer functions according to principle 2 (�h = 2=3�;� =

0:02; �o = 0:06;!h = !o = 0:03).

4 Implementation

In order to make the present volume data mining

methodology applicable to practical sampled or simu-

lated datasets, we have developed a pilot environment

on the visualization software platform AVS/Express ver-

sion 5.0[8]1 running on an SGI O2 system (CPU: R5000,

Clock: 180MHz, RAM: 192MB). All the experiments

throughout the paper were performed in the same en-

vironment.

1AVS is a trademark of Advanced Visual Systems, Inc.
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Figure 6: AVS/Express module network for volume data mining.

Figure 6 shows a typical AVS/Express module network

used for volume data mining. The HRG constructor is our

main proprietary module, which inputs a scalar volume

and the axis direction for height function, and gener-

ates the corresponding HRG. Isosurfacing is performed

using an extended version of the well-known Marching

Cubes algorithm, which is combined with an auxiliary al-

gorithm, called Asymptotic Decider, for maintaining the

topological consistency in triangle patch connection. In

order to reduce the large number of critical points, due to

high frequency components which are likely to appear on

an isosurface extracted from practical volume datasets,

we adopt a Gaussian-type surface low-pass �lter algo-

rithm described in [5]. The Reeb graph of each isosurface

is then constructed by a robust algorithm, described in

[2], which �rst extracts all the critical points on a surface

whose topology is equivalent with that of sphere or torus

correctly in the sense of the Euler formula, then con-

struct the surface network by tracing ridge and ravine

lines, and �nally convert the surface network to the cor-

responding Reeb graph. The HRG constructor module

employ a bisection-based method to �nd all the CFVs in

the user-speci�ed �eld interval [f0; fm+1]. To judge the

homogeneity of Reeb graphs, we compute two charac-

teristic quantities of the graph, namely, sums of absolute

coe�cients of characteristic and distance polynomials [6].

The TF designer module takes the HRG structures

as its input, and provides accentuated transfer function

look-up tables for the in-house ray cast module for a stan-

dard volume ray-casting.

5 Application: Proton { Hydrogen

Atom Collision

To illustrate the feasibility of the present methodology,

we attempt to explore a large-scale 4D dataset, which

comprises 104 time steps of 613 volumes for simulated in-

termediate energy collision of proton and hydrogen atom

[4]. The simulation deals with a fundamental ion-atom

collision problem, and is very important in that the prob-

lem has a wide spectrum of applications such as nuclear

fusion, material sciences and radiology. The purpose here

is to investigate how the positive charge of an incident

proton a�ects the behavior of an electron around the tar-

get hydrogen atom (Figure 7). To this end, we will get a

comprehensible illustration of the collision by visualizing

the 3D distorted electron density distribution.

H

H+
e-

Figure 7: The problem of proton{hydrogen atom collision.

Without producing volume rendered animation of the

entire time sequence, we can easily identify an approx-

imate timing of the collision by sampling snapshot vol-

umes and searching the simplest structure among con-
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structed HRGs. It is because the stationary electron den-

sity distribution around a hydrogen atom constitutes a

completely-layered structure of spherical isosurfaces.

Figure 8 depicts three representative snapshots before,

around, and after the collision by HRGs; isodensity sur-

faces extracted with a common target value throughout

the entire time interval; and volume rendering instanta-

neously accentuated according to Principle 2 in Section

3.2. The three types of volume viewings allow us to un-

derstand more clearly the inner structures of distorted

electron density distribution.

6 Concluding Remarks

This paper has presented a 3D �eld topology analysis-

based methodology for volume data mining. Combined

use of the sophisticated indirect/direct volume visualiza-

tion with HRGs provides the user with e�ective visual

cues for discovering the knowledge about the inner struc-

ture and complex behavior of volumetric objects.

The present methodology is quite general; it can be

re-combined with the forward approaches to volume ren-

dering, such as splatting and cell projection. Moreover,

the methodology is independent of the mesh type of an

input volume dataset, as far as a sequence of isosurfaces

can be extracted from the dataset.

On the other hand, the current implementaiton of HRG

constructor is very sensitive to the change in topology on

volume boundaries, and thus making narrower the ana-

lyzable �eld interval [f0; fm+1]. An algorithm to extract

a substantial subgraph from a given Reeb graph needs to

be developed. In addition, it is crucial to choose an opti-

mal direction for de�ning height �eld functions to adjust

the viewing direction as well. Omni-directional (spher-

ical) mapping is considered to be one of the convincing

solutions to this problem, at the sacri�ce of its high tem-

poral complexity.

Furthermore, prioritizing CFVs to control the LOD of

HRGs is viewed as the key to breed the present method-

ology to a true volume data mining tool for various disci-

plines, including medical sciences and environmental sci-

ences. Candidates for promising strategies include per-

turbation analysis of the direction for height function axis

and relaxation of topological equivalence of Reeb graphs.
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Figure 8: Three types of volume data mining snapshots of proton{hydrogen atom collision: HRG (top); isodensity surface

with the trajectory of marching proton (middle); and accentuated volume rendering (bottom). (a) Before collision; (b)

Around collision; and (c) After collision.
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