V000000009000

Lecture 10
N

10.1 (Complex) Power Series ({8 20) S 4R %X

10.2 (Complex) Taylor Series (f8%0) T 1 5 —#RE!

2024/1/22 MAO6 Complex Analysis (#8355 EA %1 :R)



10.1 (Complex) Power Series

(1RE) B AR =L

2024/1/22 MAO6 Complex Analysis (¥ =R 24:H) 2
T



10.1 (Complex) Power Series (850 E a4

Definition 1: Power Series (BE#RZ})

A power series (centered at z,) is an infinite series of the form

z a,(z—z)" =ayg+a,(z—2zy) + a,(z — zy)* + -+ (6.1.11)
n=0

where the coefficients (14%{) a,, are complex constants.
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10.1 (Complex) Power Series (850 E a4

Theorem 1 Radius of Convergence (U{ZR#¥)

Let Y o a,(z — z,)™ be a power series (centered at z,).

Then there is R, where 0 < R < +, we have
(i) Yoo a,(z — zy)™ converges absolutely if |z — z,| < R.

(i) X_o an,(z — zy)™ diverges if |z — zy| > R.

We call R the radius of convergence of the series.
------ +~— |z — 75| > R diverges

/ — |z — zy| = R, inconclusive

\ |z — zy| < R converges

——————

f‘_-N
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10.1 (Complex) Power Series (8% HE 4R

EXAMPLE (%) 6.1.5 Circle of Convergence
Evaluate the convergence condition of the power series Y,

n+1

n

° 5
Solution (8% &): |, 0+ .
n |z
By the ratio test (6.1.9) 1; nt+l |_ = 1 —
y ( ),P_{QO Zn+1 ,P_{f}on+1 Zn+1 Al_r)glon_l_llzl hm 1_|_l|Z| |z|
n

Thus the series converges absolutely for L = |z| < 1.

The circle of convergence is |z| = 1 and then the radius of convergenceis R = 1.

Note that on the circle of convergence |z| = 1, the series does not converge absolutely

because Y. 1> > is the well-known divergent harmonic series.

This does not say that the series diverges on the circle of convergence.

_— n+1 . ° . .
In fact, at z = —1, Z,‘?le( " is the convergent alternating harmonic series.

It can be shown that the series converges at all points on the circle |z| = 1 exceptat z = 1.
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10.1 (Complex) Power Series (f8%0) FE 4R

Notice the radius of convergence for Ratio Test

It should be clear from Theorem 6.4 in Lecture 9 and Example 6.1.5
that for a power series }>°_,a,,(z — z5) ™, the limit (6.1.9) depends

only on the coefficients a,,. Thus, if

(i) If rltllf}o “Z“ = L # 0, the radius of convergenceis R = % (6.1.12)
(ii) If lim aZ“ = 0, then the radius of convergence R = . (6.1.13)
(i11) Ifrllingo aZ“ = oo, the test is inconclusive R = 0. (6.1.14)
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10.1 (Complex) Power Series (850 E k%4
EXAMPLE (f51%8) 6.1.6 Radius of Convergence by Ratio Test

(—1)n+1:"""'""""":"ﬁ . . .
(z—1—0)", find its radius of

For the power series Y.,

’

Solution (F8%): (z— (1 +D))"
. (_1)n+1
[dentity that a,, = ———— then
(_1)(n+1)+1
y (n+ D! | _ nt (D™ nt (D™ 1 _0
oo [ (=DM | abe|(n+ D (=D | noo|nl(m+ 1) (=D nson+1
n!

Hence by (6.1.13) the radius of convergence R is ;
the power series with center z, = 1 + i converges absolutely

forall z, thatis, for |z — (1 + )| < oo.
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10.1 (Complex) Power Series (8% HE 4R

Additional EXAMPLE (%1%8) 1 Radius of Convergence by Ratio Test
Find the radius of convergence of the following power series:

(1) X0 22" () Trio gz (3) Trmon?z”

Solution (fZ):

By (6.1.12),
1 1 : an : 2" .1 1
(1)R==-= = lim |[——[ = lim [=—=| = lim ===
L lim n_-l-1| n-oo lan+1 n—oo 12M n—oo 2
n-ool adAn
1 . a : n 6nt1 : n 66 . 6n . 6
(2)R === lim || = lim |— = lim |———|=lim |—| = lim — =6
L n—-oo lan4+1 n—-oo 6™ n+1 n—-oo 16" n+1 n-oo In+1 Nn—00 1+£
1 . a : n? : n? . 1
(3)R === lim [— =11m| = = lim — = lim ———==1
L n-oo lan4+1 n—ooo l(n+1) n-oo N4+2n+1 n—oo 1+;+—2
n
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10.1 (Complex) Power Series (f8%0) FE 4R

Notice the radius of convergence for Root Test

Similar conclusions can be made for the root test (6.1.10) by using

lim \/|a,| (6.1.15)

n—>00

° . n _ ° . _ 1
(i) If rllllf}o \la,| =L # 0, the radius of convergence is R = -
(i) If lim %/]a,| = 0, then the radius of convergence R = .

Nn—>00

(i) If lim 3/]a,| = oo, the test is inconclusive R = 0.
n—o00
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10.1 (Complex) Power Series (850 E k%4
EXAMPLE (f51%) 6.1.7 Radius of Convergence by Root Test

. o [(6n+1\" L £ . .
For the power series }'.°_, (2n+5) (z — 20", find its radius of

convergence and the condition that it converges absolutely.

Solution (B2 Z): i
dentify that a,, = (2—)  then

2n+56 . 6-|—1
. m ., bn+1 n_
%‘i?o\’lanl_%‘l?ozn+5_%‘l§oz+§_3

. . . . . 1
By previous slides, we conclude that the radius of convergence of the series is R =-.
. . . 1
The circle of convergence is |z — 2i| = 5

. . 1
the power series converges absolutely for |z — 2i| < >
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10.2 (Complex) Taylor Series
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Brook Taylor Colin Maclaurin
)y -x70=1JY
(1698-1746)

James Gregory
r—LX-JL3dU— TNy D T4 77—
(1638-1675) (1685-1731)

Background:
The Taylor Series subject was formulated by the Scottish mathematician James Gregory and formally

introduced by the English mathematician Brook Taylor in 1715. If the Taylor series is centered at zero,
then that series is also called a Maclaurin series, after the Scottish mathematician Colin Maclaurin, who

made extensive use of this special case of Taylor series in the 18th century.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Notice: A power series defines or represents a function f.

Theorem 6.6 Continuity

A power series Y., a,(z — z,)™ represents a continuous function f

within its circle of convergence |z — z,| = R, namely, |z — z,| < R.

------ +~— |z — z5| > R diverges

I
{ / *— |z — z,] = R, inconclusive
1
\
\

\ |z — zy| < R converges

——————
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Differentiation (f4%3) and Integration (¥&43') of Power Series

Theorem 6.7 Term-by-Term (I8 5l (Z) Differentiation

A power series Y., a,(z — zy,)™ can be differentiated term-by-term

within its circle of convergence |z — z,| = R, namely, |z — z,| < R.

Differentiating a power series term-by-term gives,

0.0) (00) 00)

N a2 = Y ane (= 2)" = Y an(z = z0)"

n=0 n=0 n=1

Note that the summation index in the last series starts with n = 1 because the
term differentiation corresponding to n = 0 is zero.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Differentiation (f4%3) and Integration (¥&43') of Power Series

Theorem 6.8 Term-by-Term Integration

A power series Y>_, a,(z — z,)™ can be integrated term-by-term

within its circle of convergence |z — z,| = R (namely, |z — z,| < R),

for every contour C lying entirely within the circle of convergence.

This theorem gives that

f Z a,(z —zy)"dz = Z anf (z —zy)"dz
¢ n=0 n=0 ¢

whenever C lies in the interior of |z — z,| = R.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K
Taylor Series

Suppose a power series represents a function f within |z — z)| = R,
that is,

F(2) = ) an(z=20)" = o + 01(2 = 20) + a2(z = 70)? + - (6.2.1)
n=0
It follows from Theorem 6.7 that the derivatives of f are the series
fi(z) = Z ann(z —zo)" ' = ay + 2a;(z — zp) + 3az(z — zp)* + - (622)
n=1
f"(z) = z apn(n—1)(z—2z))" *=2-1-a; +3-2-a3(z—2y) + -~ (623)
n=2
f"(z) = z a,nn—1)n—-2)z—z)"3=3-2-1-a3+4-3-2-a,(z—2zy) + - (624)
and so'on.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K
Taylor Series

A power series represents an analytic function within its circle of
convergence.

There is a relationship between the coefficients a,, in (6.2.1) and the

derivatives of f. Evaluating (6.2.1), (6.2.2), (6.2.3), and (6.2.4) at z = z,
we have

f(z0) = ay, f'(z9) = 1lay, " (zp) = 2! ay, f'"(z9) = 3las,

In general, fM™(zy) =nla,, or

0, =10 s (6.2.5)

n!
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10.2 (Complex) Taylor Series (880 7 A = — #h#K
Taylor Series

Whenn = 01n (6.2.5), we interpret the zero-order derivative as

f(z,) and 0! = 1, so that the formula gives ay = f(z) .
Substituting (fX A9 %) (6.2.5) into (6.2.1), we have

Definition 2: Taylor series (71 7 —#R¥))

The Taylor series for f centered at z, is of the form

> F()
f(z) = z ! n(!ZO) (z — zp)" (6.2.6)
n=0
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10.2 (Complex) Taylor Series (880 7 A = — #h#K
Maclaurin Series (2 O — U > #&#)

Definition 3: Maclaurin series (¥4 O — U > &%)

The Maclaurin series is a special Taylor series with center z, = 0, I.e.

= IOIG
f(z) = Ef n!( )Z” (6.2.7)
n=0
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

If we are given a function f that is analytic in some domain D,

can we represent it by a power series of the form (6.2.6) or (6.2.7)?

Check the answer in the following Theorem 6.9.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Theorem 6.9 Taylor’'s Theorem

Let f be analytic within a domain D and let z, be a

point in D. Then f has the series representation

= F(m)
f(z) = Z ! n(!ZO) (z — zo)" (6.2.8)
n=0

which is valid for the largest circle ¢ with center

at z, and radius R that lies entirely within D.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

Some Important Maclaurin Series

00]

z z° z™
=14+ — T + ? + - F (6.2.12)
n=0
Z3 Z5 2n+1
smz—z—§+§—--- z(— ) Zn i D! (6.2.13)
42 L4 > 421
cosz=1-— > + " nz(:)( 1) ) (6.2.14)
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

EXAMPLE (f5l=8) 6.2.1 Radius of Convergence
Suppose the function f(z) = — Is expanded in a Taylor series
with center z, = 4 — 2i. What | |s Its radius of convergence R?

Solution (F2%):

Observe that the function is analytic at every point
except at z = —1 + i, which is an isolated singularity of f.  imag,
The distance fromz=—-1+itozy =4 —2iis

-
-
.
(_ 1t1)¢’/’
o
/

2= 200 = (-1 42+ (1 - (-2)) = V33 1

.
\
hY

. Real
\

\
v
>

This last number is the radius of convergence R for the
Taylor series centered at 4 — 2i.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

EXAMPLE (f1%E€) 6.2.2 Maclaurin Series
Find the Maclaurin expansion of f(z) =

1
(1-2)%

Solution (B2 Z):
We could begin by computing the coefficients using (6.2.8). However, recall from (6.1.6) in
Lecture 9 that for |z| < 1,

1
=14z 428 4 (6.1.6)
If we differentiate both sides with respect to z, then
d 1 d d d d

— 1+ — —y2 4 34 ...
dz1—z dz +dZZ+dZZ +dZZoo+

_ 2 _ 1
or (1_Z)Z—O+1+Zz+32 +---—an"
n=

Since we are using Theorem 6.7, the radius of convergence of the last power series is the same
as the original series, R = 1.
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10.2 (Complex) Taylor Series (880 7 A = — #h#K

EXAMPLE (f51%8) 6.2.3 Taylor Series
Expand f(z) = 1—; in a Taylor series with center z, = 2i.

Solution (B2 Z):
We use the geometric series (6.1.6) in Lecture 9.
By adding and subtracting 2i in the denominator of 1/(1 — z) , we can write

1 1 1 1 1
1—z=1—z+2i—2i=1—2i—(z—2i)=1—2i1_i—§§
We now write —— as a power series by using (6.1.6) with that z replaced by 2=
1_1—2i 1-21
1 1 z—2i (z-2i\" (z-2i\’
1—-z 1-2i 1+1—2i+<1—2i) +(1—2i> i

Because the distance from the center z, = 2i to the nearest singularity z = 1 is /5,

we conclude that the circle of convergence for (6.2.17) is |z, — 2i| = V5.
This can be verified by the ratio test of the Lecture 9.
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Review for Lecture 10

(Complex) Power Series

Radius of Convergence

(Complex) Taylor Series

(Complex) Maclaurin Series

Exercise
Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAO06/index.html
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