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- 11.1 Laurent Series ( O — 35 V%] )
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11.1 Laurent Series ( O— 7 2 4R¥1 )
Singular Points (45 £ =)

In general, a point z at which a complex functionw = f(z) fails
(5829 %) to be analytic is called a singular point (45£) of f(2).

For example, the complex numbers z = 2i and z = —2i are singularities (452 53)

of the function f(z) = #%5) at each of

these points.

1

In this Lecture, we will be concerned with a new kind of “power series”

expansion (N = &K EH) of f(z) about an isolated singularity z,. This new

series will involve both negative and nonnegative integer powers of z — z,.
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11.1 Laurent Series ( O — 7 > 4% ) I 4
Suppose that z = z, is a singularity of a complex function f(z). ——.//\_’
Isolated Singularity (FA1I4FER) A

some deleted neighborhood

The point z = z, is said to be an isolated singularity of the function f(z) if

there exists some deleted neighborhood, or punctured open disk,

0 < |z — zy| < R of z, throughout which f(z) is analytic.

Z
z244°

For example, we have just seen that z = 2i and z = —2i are singularities of f(z) =

Both 2i and —2i are isolated singularities since f(z) is analytic at every pointin the
neighborhood defined by |z — 2i| < 1, except at z = 2i, and at every point in the neighborhood
defined by |z — (—2i)| < 1, except at z = —2i.

In other words, f(z) is analytic in the deleted neighborhoods 0 < |z — 2i| < 1and 0 < |z + 2i| < 1.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Nonisolated Singularity

We say that a singular point z = z, of a function f(z) is nonisolated if every

neighborhood of z, contains at least one singularity of f(z) other than z,.

Y

z-plane
For example, the branch point z = 0 is a nonisolated
singularity of Ln z since every neighborhood of z = 0 |
contains points on the negative real axis.
fl (Z) - loge |Z| t iArg(Z)’ TS Arg(z) ST (4.1.19) Figure 4.6 f,(z) defines

on domain in gray color

Here, f,(z) is Ln z except Arg(z) =
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11.1 Laurent Series ( A — 7 2 #R% ) power

A New Kind of Series (Laurent Series) 773! 72

If z = z, is a sinqularity of a function f(z), then certainly f(z) cannot be expanded in a

_____

power series with z, as its center.

However, about an isolated sinqularity z = z,, it is possible to represent f(z) by a series

involving both negative and nonnegative integer powers of z — z,; that is,

Negative integer powers  Nonnegative integer powers
a_(z —29)7? N A

e \ \ o )
' a : a_1

fz) = +§\(Z — Zo)2,§+ (z — zp) tao+ay(z —20) +a5(z — 29)* + -~ (6.3.1)

As an example of (6.3.1), let us consider the function f(z) = i As can be seen, the point

z = 11is an isolated singularity of f(z) and consequently the function cannot be expanded
In a Taylor series centered at that point.
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11.1 Laurent Series ( O—J > #&# )

Nevertheless, f(z) can be expanded in a series of the form given in (6.3.1) that is valid for all z near 1:

f(Z)="'+(Z_01)2+(Zi1)+O+O-(z—1)+0-(z—1)2_|....

The series representation in (6.3.2) is valid for 0 < |z — 1| < .

Using summation notation, we can write (6.3.1) as the sum of two series

e e e = e e e e e e e = e =

@)=Y aon(z—2) "4 Y anlz = 20"
| ! in=0 '

n=1_____ .., n=0________

The two series on the right-hand side in (6.3.3) are given special names.

(1) The part with negative powers of z — z,, that is,

= e e e = e = e e

[ ©O ‘I (0]

____________________

is called the principal part of the series (6.3.1) and will converge for

Z—Zy

for|z—zy| > 1/r* =7.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

(2) The part consisting of the nonneqatlve powers of z — z,,

—————————————————————————

z an(z = 20)" (6.3.5)

s called the analytic part of the series (6 3.1) and will converge for |z — z4| < R.

Hence, the sum of (6.3.4) and (6.3.5) converges when z satisfies both |z — z,| > r and

|z — z,] <R, thatis, when z is a point in an annular domain defined by r < |z — z,| < R.

By summing over negative and nonnegative integers, (6.3.1) can be written compactly as

0
— n
f(z) = E an(z — zp)
n=—~oo
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Laurent series

A series representation of a function f(z) that has the form

given in (6.3.1) is called a Laurent series or a Laurent

expansion of f(z) about z, on the annulus r < |z — z5| < R.

f(z) =+ 4-2 + -1 +ag+a(z—2y) +a,(z—29)% + - (6.3.1)
(z —29)* (2 —2)
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11.1 Laurent Series ( O— 7 2 4R¥1 )

EXAMPLE (f1%8) 6.3.1 Laurent Series of the Form (6.3.1)
Expand the function f(z) = —= with the isolated singularity z = 0

Z4
as Laurent Series.

Solution (F2%): |
The function f(z) = === is not analytic at the isolated sinqularity

74

z = 0 and hence cannot be expanded in a Maclaurin series.

However, sin z is an entire function, and from (6.2.13) of Lecture 10,

we know that its Maclaurin series,

z3 7z z7  Z9

Sinzzz—§+§—ﬁ+a_...

converges for |z| < oo.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Solution (f2Z)(cont.):
By dividing this power series by z* we obtain a series for f(z) with
negative and positive integer powers of z:

principal part analytic part

f@O=—r =S +g—7 o~ (6.3.6)

The analytic part of the series in (6.3.6) converges for |z| < .
ne principal part is valid to converge for |z| > 0.

nus (6.3.6) converges for all z except at z = 0; that is, the series
representation is valid for 0 < |z| < .
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Theorem 6.10 Laurent’s Theorem

Let f(2) be analytic within the annular domain D defined by
r < |z — zy| < R.Then f(z) has the series representation

FR = ) anz=z)" (6.3.7)
valid forr < |z —z,| < R. The coe;‘ficients a, are given by
1 f(s)

a, ds n=0+1++2,.. (6.3.8)

T 2mi c (s —zy)ntt

where C is a simple closed curve that lies entirely within D and has z, in
Its interior. See Figure 6.6.

Notice:

Figure 6.6 Contour
for Theorem 6.10

In the case whena_,, = 0forn =1,2,3, ..., the principal part (6.3.4) is zero and the Laurent series

(6.3.7) reduces to a Taylor series.

Therefore, a Laurent expansion can be regarded as a generalization of a Taylor series.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

The annular (3%1X) domain in Theorem 6.10 defined by r < |z — z,| < R do not must have the

‘ring (H3=)" shape. Here are some other possible annular domains:

(i) =0, R Is finite,
(ii) r # 0, R = oo,
(ii)r = 0, R = oo,

« In (i), the series converges in annular domain defined by an 0 < |z —z,| < R. This is the
interior of the circle |z -2z, = R except the point z,; in other words, the domain is a
punctured open disk.

 In (ii), the annular domain is defined by r < |z — z,] and consists of all points exterior to the
circle |z — zy| = 7.

 In (iii), the domain is defined by 0 < |z — z,]|. This represents the entire complex plane except

the point z,. The Laurent series in (6.3.2) and (6.3.6) are valid on this last type of domain.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

However, the integral formula in (6.3.8) for the coefficients of a Laurent series are rarely used

In practice.
As a consequence, finding the Laurent series of a function in a specified annular domain is

generally not an easy task.

In many instances we can obtain a desired Laurent series either by employing a known power
series expansion of a function (as we did in Example 6.3.1) or by creative manipulation of

geometric series (as we did in Example 6.2.2 of Lecture 10).

The next example once again illustrates the use of geometric series.
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11.1 Laurent Series ( O—J > #&# )

EXAMPLE (f5I%8) 6.3.2 Four Laurent Expansions

Expand f(z) = Z(Zl_l) In a Laurent series valid for the following

annular domains.
@Qo<|zl<1l ((b)i1<]z] ((@o<|z—-1]<1 (d1<]|z-1]

® b R e Y ¥
Solution (FZ):
The four specified annular domains are shown in Figure 6.8. e
The black dots in each figure represent the two isolated singularities, z = 0 and
(@) (b)
Z = 1, Off(Z) y y
In (a) and (b), the center is z = 0, we want to represent f(z) in a series involving
. . . —l;—.—\;—x —l:—.—p—
only negative and nonnegative integer powers of z, oS ON !
whereas in (c) and (d), the center is z = 1, we want to represent f(z) in a series © W
involving negative and nonnegative integer powers of z — 1. Figure 6.8 Annular domains
for Example 6.3.2
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11.1 Laurent Series ( O— 7 2 4R¥1 )
Solution (f2Z)(cont.):

(a) By writing 1 1 1 1 1
f(2) = o

2(z—1) zz—1  z1—z
we can use geometric series (6.1.6) of Lecture 9

1
=14+z+z%+2z%+ - (6.1.6)
1—2z

. 1 .
to write — as a series, then

f(z):—§[1+z+zz+z3+---]

The infinite series in the brackets converges for |z| < 1, but after we multiply this expression

by 1/z, we see z = 0 is not analytic, then z # 0, thus the resulting series is Laurent series

1
f(Z)z—;—l—Z—ZZ—ZS_'”

converges for 0 < |z| < 1.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Solution (f2Z)(cont.):
(b) To obtain a series that converges for 1 < |z|, we start by constructing a

1
Z

series that converges for |-| < 1. To this end we write the given function f as

1 1 1 1
f(2) = =5

Z(Z—l)zzz—z_zzl_

Z
and again use the geometric series (6.1.6) of Lecture 9 with z replaced by 1/z:

1 1 1 1
f(Z)=Z_2[1+;+Zz+Z3+'"]

The series in the brackets converges for i

< lor equivalently for 1 < |z| . Thus

the required Laurent series is

£(2) 1 1 1 1
Z)=—=S+—=+—+—+
z%2 73 z%  z5
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Solution (f2Z)(cont.):
(c) This is basically the same problem as in part (a), except that we want all
powers of z — 1. To that end, we add and subtract 1 in the denominator and
use (6.1.7) of Lecture 9 with z replace by z — 1:

___________________________________________________________________

fz) = _ 1 _ 11 By (6.1.7) from the Lecture 9
zz—-1) (1-1+2)(z-1) 1-1+zz-1 1 i
i =1—z+2z>—2z3+4- |
1 1 - 1+z |
T z—11+(z—1) k<1
1
=—Z_1[1—(z—1)+(z—1)2—(z—1)3_|_... ]

—14+@Z-1D-(CZ-1D%*+-

=Z—1

Notice the singularity results in z = 1, which is equivalenttoz < 1and z > 1,i.e.0 <
|z — 1|, and the geometric series in brackets converges for |z — 1| < 1. Thus the last

series converges for z satisfying 0 < |z—1]and |z — 1| < 1, thatis, for0 < |z — 1| < 1.
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11.1 Laurent Series ( O— 7 2 4R¥1 )
Solution (f2Z)(cont.):
(d) Proceeding as in part (b), we write

1 1 1 1 1
z2z-1) z—-11+(z-1) -1z 1 4 Z 1
z—1 z-1
1 1
-1y, 1
z—1

1 1 1 1

_I_

1 1 1 1

1
(z—1)

Because the geometric series within the brackets converges for ‘ <1,

the final series converges for1 < |z — 1|.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

EXAMPLE (f51%#) 6.3.3 Laurent Expansions

Expand f(z) = (2_1);(2_3) In a Laurent series valid for the following
annular domains.

@Qo0<|z—1|<2 *b)o<|z-3]|<?2

Solution (B2 Z):
(a) As in parts (c) and (d) of Example 6.3.2, we note that the center is z = 1, then we want only
powers of z — 1 and so we need to express z — 3 in terms of z — 1.This can be done by writing
1 1 1 1 1 1 1

f(Z)z(z—l)z(z—B)=(Z—1)2—2+(Z—1)=—2(Z—1)21_Z—1
2

and then using the geometric series (6.1.6) of Lecture 9 with the symbol z replaced by %

(z) = 1 1+Z_1+(Z_1)2+(Z_1)3+
f@=—e—z|' T2 T2 E
1 1 1 1 z—1 .
== - ————(z—-1)—-- converges for|—| < 1, thenvalidforo < |z—1| < 2
2z—1)? 4(z—-1) 8 16(2 ) g |2| |z — 1]
19
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Solution (f2Z)(cont.):

*(b) To obtain powers of z — 3, we writez—1 =2+ (z — 3) and
1 1 1 1 1 1

fz) = (z—1)2(z—-3) :Z—3(2+Z—3)2 T

-2

1 z—3
z—3 2:4(2—3)[1+ 2 ]
b2 (14259
At this point we can obtain a power series for [1 + ?‘ by using the binomial series

(=2)(z=3\ (=2)(=3)/z=3\" (=2)(=3)(=4)(z-3\"
4(z—3)l1+ 1! ( 2 >+ 2! ( 2 ) " 3! ( 2 ) +]

The binomial series in the brackets is valid for |(z— 3)/2| < 1or|z—3| < 2.
Multiplying this series by ﬁ gives a Laurent series that is valid for 0 < |z — 3] < 2:

1 1 3

f@ =103 216

22 (14
.

f(z) =

(Z—3)—%(Z—3)2+"'

T binomial series (https://en.wikipedia.org/wiki/Binomial_series) .
For a real number «, the binomial series (1 +2)* =1+ az +
valid for |z| < 1.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

EXAMPLE (f51%8) 6.3.4 A Laurent Expansion

Expand f(z) = Z?j:) in a Laurent series valid for 0 < |z| < 1.

Solution (fZ):

By partial fractions (8873 73 #{) we can rewrite f(z) as

8z +1 _1—z+9z_ 1—1z N 9z _1+ 9
z(1—-2) z(1—-2) z1-2) z1-2) z 1-2z

f(z) =

Then by the geometric series (6.1.6) of Lecture 9,

9 1
=9

_ 2
1 1_Z—9+9z+9z +

This converges for |z| < 1, but after we add the term i to it, the resulting Laurent series

1
f(z)=;+9+9z+9zz+---
is valid for 0 < |z] < 1.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

EXAMPLE (f5/%#) 6.3.5 A Laurent Expansion
Expand f(z) = — in a Laurent series valid for 1 < |z — 2| < 2.

1
z(1-2)

Solution (F2Z):
« The specified annular domain is shown in Figure 6.9.

« The center of this domain, z = 2, is the point of analyticity of the function f.
« Our goal now is to find two series involving integer powers of z- 2, one

converging for 1 < |z — 2| and the other converging for |z — 2| < 2. A
As in the last example by decomposing f into partial fractions: yd ““\\
1 z—(z—-1) 1 1 ; S \
= - = = —= = 6.3.17 / ’ b \
f(2) z1-z) z(z—1) Z * z—1 [+ fa(2) ( ) I { | \‘1 ‘} i
1 1 1 1 of 1. 2 | |
NOW f]_(Z)——;——Z_I_Z_Z——El_I_Z_Z \\\ \\\_‘h“',’l ,II
2 9 J/
1[. z-2 (z-2)?% (z-2)° NG 7
_ L +( ¥ )+--- _______
2 2 22 23

1 2 (z—-2)?% (z-2)3 Figure 6.9 Annular
Z — Z — 7 —

domain for Example 6.3.5
2 T 22 23 T 24
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11.1 Laurent Series ( O— 7 2 4R¥1 )

Solution (f2Z)(cont.):
This series converges for ‘%

<lor|z—-2| <2

Furthermore,

S — "By (6.17) from the Lecture 9
fZ(Z)_Z—l_l-l-Z—Z_Z—Zl_I_ T yl(..)rom e Lecture

_ 1 [1 1 + 1 Z_lz . E 1+Z=1_Z+ZZ_Z3+"°
z=210 z-2 (z-2?% (z2-2)3 1z| <1 ,
1 1 N 1 1 N T ’
Tz-2 (z=-22 (z=-2)3 (z-2)*

converges for ‘i‘ <loril<|z-2|

Substituting these two results in (6.3.17) then gives
B 1 1 1 1 1 z-2 (z—2)2+(z—2)3

@ =it e G2 tr=2 2t e T 2 24

This representation is valid for z satisfying |z — 2| < 2 and 1 < |z — 2|; in other words, for
1<|z—-2| <?2.
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11.1 Laurent Series ( O— 7 2 4R¥1 )

EXAMPLE (f5/%#) 6.3.6 A Laurent Expansion
3
Expand f(z) = ez in a Laurent series valid for 0 < |z| < .

Solution (fZ):

From (6.2.12) of Lecture 10 we know that for all finite z, that is, |z| < o,

2 3
Z Z Z
zZ S coo
et =1+ 1) + o + 3 + (6.3.18)
We obtain the Laurent series for f by simply replacing z in (6.3.18) byz, z # 0,
3 3 32 33
ez=1+—+ + + .- (6.3.19)

z 21z%2 3173

This series (6.3.19) is valid for z = 0, that is, for 0 < |z| < =.
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11.1 Laurent Series ( O— 7 2 4R¥1 )
Remarks

(1) Replacing the complex variable s with the usual symbol z , we
see that when n — 1, formula (6.3.8) for the Laurent series

coefficients yields a_; = ﬁgﬁc f(z)dz, or more important,
f f(z)dz = 2mia_,
C

(i) Regardless how a Laurent expansion of a function f(z) is
obtained in a specified annular domain it is the Laurent series;

that Is, the series we obtain is unique.
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Review for Lecture 11

« |solated Singularity

« Laurent Series

Exercise

Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAO06/index.html

Reading Materials: Section 6.3 of Textbook
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