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13.1 Residues (BB#) & Residue Theorem (B E3E) Part 2

Theorem 6.14 Residue at a Simple Pole

If f has a simple pole at z = z,, then
Res(f(2),zy) = le_)r? (z —zp)f (2) (6.5.1)

Theorem 6.15 Residue at a Pole of Order n

If f has a pole of order n at z = z,, then
n—1

1
Res(f(2),20) = oy, lim Ty (2 = 20)"f(2) (652
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

When f is not a rational function, calculating residues by means of (6.5.1) or
(6.5.2) in Lecture 12 can sometimes be tedious.

It is possible to devise alternative residue formulas.

In particular, suppose a function f can be written as a quotient

f(z) = ig , Where g and h are analytic at z = z,,.

If g(z,) # 0 and if the function h has a zero of order 1 at z,, then f
has a simple pole at z = z, and

a_, = Res(f(z),zy) = g,((zz(;)) (6.5.4)
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

To derive this result we shall use the definition of a zero of order 1, the

definition of a derivative, and then (6.5.1).
First, since the function h has a zero of order 1 at z,, we must have h(z,) = 0
and h'(z,) # 0.

Second, by definition of the derivative given in (3.1.12) of Lecture 3,

h(z) —h h
h'(zy) = lim (2) (20) = lim (2)
Z—Z Z — Zj Z—oZo L — Z

We then combine the preceding two facts in the following manner in (6.5.1):

Res(f (2), 20) = lim (z = z) }98 =20 718 B ffif,))
Z— Z
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

Recall in Lecture 5

Roots of a Complex Number

Considerto find zin z =w
where z and w are complex numbers,

kis real, 1.e. NOT a complex number.

then

L W [cos (arg(w)k+ 2nn> i (arg(w)k+ 2nn>] (1.4.4)

wheren=0,1,2,..., k —1
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2
EXAMPLE (f31%E) 6.5.3 Using (6.5.4) to Compute Residues

The polynomial z* + 1 can be factored as (z — z,)(z — 2z,)(z — z3)(z — z,), where z;,
z,, Z3, and z, are the four distinct roots of the equation z* + 1 = 0 (or equivalently,
the four fourth roots of —1). It follows from Theorem 6.13 that the function

| f(2) =1
has four simple poles. By using (6.5.4), find its residues.

Solution (B2Z):

From (1.4.4) of Lecture 5, for z* + 1 = 0, we have z* = —1.
Thus forn = 0,1,2,3, we obtain z; = e™/*4, z, = e3™/*, z, = ¢°™/4 and z, = e”™/*.
To compute the residues, we use (6.5.4) of this Lecture by identifying g(z) = 1, h(z) = z* + 1,

along with Euler’s formula (1.6.6) e? = cos6 + i sin6
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

Solution (f2Z)(cont.):

1 1 . 1 1
= RS =G = 53 =
1

— ———=l

g( 2) 1 1 —9mi/4 _ 1 1

Res(f(z) Zz) — (Zz) 4—Z§=Ze _4\/__Fl
9(z3) 11 ey 11
Res(f(2),z3) = Wz 4_2??_48 15 4\/_+4\/_l
9(z4) L1 e 11
Res(f(z),z,) = Wz 4_22_16 21mt/4 — 4\/_+4\/_l
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13.1 Residues (BB#) & Residue Theorem (B E3E) Part 2

Theorem 6.16 Cauchy’s Residue Theorem

Let D be a simply connected domain and C a simple
closed contour lying entirely within D. If a function f is

analytic on and within C, except at a finite number of

isolated sinqular points z,, z,, ..., z, within C, then

f f(z)dz=2niZRes(f(z),zk) (6.5.5)
¢ k=1

Figure 6.10 n singular
points within contour C
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2
Proof of Theorem 6.16
Suppose €4, C,,...,C, are circles centered at z,, z,, ..., z,,, respectively.

Suppose further that each circle ¢, has a radius r;, small enough so that
Ci,Cs, ..., C, are mutually disjoint and are interior to the simple closed curve C.

See Figure 6.10. Now given
7@ f(z)dz = 2mia_4 (6.3.20)
C

we saw that gﬁckf(z)dz = 2mi Res(f (2), z), and so by Theorem 5.5 of Lecture 7 we

have

f(z)dz = f(z)dz = 2mi Res(f(2), zy)
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

EXAMPLE (f51%) 6.5.4 Evaluation by the Residue Theorem

dz, where

Evaluate ¢ D703

(a) the contour C is the rectangle defined by x =0,x =4,y = -1,y =1,
(b) and the contour C is the circle |z| = 2.

Solution (F2Z):

(a) Since both z = 1 and z = 3 are poles within the rectangle we have from (6.5.5) thlat

z = 2mi[Res(f(2),1) + Res(f(2),3)]

1
35 RN

We found these residues in Example 6.5.2 of Lecture 12. Therefore, ~1

. dz = 2mi ) = 0
i (z—-1)%(z—-3) Z= mK_Z)_l_Z]_ m
(b) Since only the pole z = 1 lies within the circle |z| = 2, we have from (6.5.5) |

1 , , 1 T
i (2_1)2(2_3)d2= 2mi Res(f(2),1) = 2mi <_Z> = -5l ‘6} Re
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

EXAMPLE (f5]%8) 6.5.5 Evaluation by the Residue Theorem

Evaluate ¢, ij: dz, where the contour C is the circle |z — i| = 2.

Solution (fZ):
By factoring the denominator as z* + 4 = (z — 2i)(z + 2i) we see that the

iIntegrand has simple poles at —2i and 2i. Because only 2i lies within the

contour C, it follows from (6.5.5) that

Im

f ZZ+6d _ 2mi Res(f(2), 21 ) 3 |z —i] =2
CZ2-|-4Z_ i Res(f(z), 2i %
But N1 . 2Z+ 6 _3+2i L 3 ke
Res(f(2),20) = lim (z = 20) =50 = 7 E
2Z+ 6 (34 2i _
Hence, fﬁ > dz = 2mi — | = (3 + 2i)
c z°+4 21
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

EXAMPLE (f5]%8) 6.5.6 Evaluation by the Residue Theorem
Evaluate §, ——— dz, where the contour C is the circle |z| = 2.

Solution (F2%):
Writing the denominator as z* + 5z3 = z3(z + 5) reveals that the integrand f(2)
has a pole of order 3 at z = 0 and a simple pole at z = —5.

But only the pole z = 0 lies within the circle |z| = 2 and so from (6.5.5) and (6.5.2)

Im
we have, to |zl =2

o R T e
fc Z4+523dz—27u Res(f(z),O)—Zmiy_r)r(l)—dzzz 215 -5\
. (z°+8z+17)e? 17m
= i lim =

z—0 (z+5)3 - 125

MAO6 Complex Analysis (#2 3= B8 £1iR)

l
2024/1/22 13



13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

EXAMPLE (f51%) 6.5.7 Evaluation by the Residue Theorem
Evaluate §. tan zdz, where the contour C is the circle |z| = 2.

Solution (fZ):

The integrand f(z) = tan z = sin z/cos z has simple poles at the points where cosz = 0.
We saw in Lecture 5 that the only zeros cos z are the real numbers z = 2n + 1)/2,

n=0,+1,+2,...Since only —% and % are within the circle |z| = 2, we have

. T T
jsc tanz dz = 2mi [Res (f(z), _E) + Res (f(z),E)]
With the identifications g(z) = sinz, h(z) = cosz, and h’(z) = —sin z, we see from (6.5.4) that

an(-3)

Res (f(Z);—g) = o (_%) = -1 and Res (f(z),%) = - (7) = -1

“n ()

Therefore, f tanzdz = 2mi [—1 — 1] = —4mi
C
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13.1 Residues (8B#1) & Residue Theorem (BB#E3E) Part 2

EXAMPLE (f51%E) 6.5.8 Evaluation by the Residue Theorem
Evaluate §. ez dz, where the contour C is the circle |z| = 1.

Solution (F2%):
As we have seen, z = 0 is an essential singularity of the integrand

f(2) = ez and so neither formulas (6.5.1) and (6.5.2) are applicable to
find the residue of f at that point.

We saw in Example 6.5.1(b) of Lecture 12 that the Laurent series of f
at z = 0 gives Res(f(2),0) = 3.
Hence from (6.5.5) we have

3
f ezdz = 2mi Res(f(z),0) = 2mi - 3 = 6mi
C
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*13.2 Some Consequences

of the Residue Theorem

Notice: In all lectures notes, the contents marked with * are not in the scope of the final examination.
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*13.2 Some Consequences of the Residue Theorem

Evaluation of Real Trigonometric Integrals

Integrals of the Form [ F(cos 6,sin6) d@ (6.6.1)

The basic idea here is to convert a real trigonometric integral of
form (6.6.1) into a complex integral, where the contour C is the
unit circle |z| = 1 centered at the origin.

To do this we begin with (2.2.10) of Lecture 7 to parametrize this
contour by z = ¢'%, 0 < 6 < 2. We can then write

dz = ie'?do cos O = sin @ =
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*13.2 Some Consequences of the Residue Theorem
The last two expressions follow from (4.3.2) and (4.3.3) of Lecture 5.
Sincedz =ie? dd =izdf andz7! = 1/z = e, these three quantities are
equivalent to

_dz z+ 2zt z—z 1

= cos O = > Ssin @ = 57 (6.6.4)

The conversion of the integral in fOZ”F(cos 6,sin0) d6 into a contour integral is

ao

accomplished by replacing, in turn, dé, cos 6, and sin 8 by the expressions in

(6.6.4):
7€ (Z +z71 7z — Z_1> dz
F , : .
c 2 21 1Z

where C is the unit circle |z| = 1.
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*13.2 Some Consequences of the Residue Theorem

*EXAMPLE (f3l%8) 6.6.1 A Real Trigonometric Integral

2T 1
Evaluate | Grooseyz 40

Solution (fZ):
When we use the substitutions given in (6.6.4), the given trigonometric
Integral becomes the contour integral

f 1 dz_f 1 dz
C z+z-1\iz 72 +1\? iz
(z+ k ) (z+ ZZ)

Carrying out the algebraic simplification of the integrand then yields

4 Z

?jgc (z%2 + 4z + 1)2 dz
From the quadratic formula we can factor the polynomial z% + 4z + 1 as z% + 4z +
1= (z—2)(z—2z,),wherez; = -2—-+3and z, = -2 + /3.
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*13.2 Some Consequences of the Residue Theorem

Solution (f2Z)(cont.):

Thus, the integrand can be written
Z Z

(z% + 4z + 1)2 N (z — 21)?(z — zy)?
Because only z, is inside the unit circle C, we have

Z
c (z2+4z+1)

To calculate the residue, we first note that z, is a pole of order 2 and so we use
(6.5.2) of this Lecture:

d
Res(f(2),zy) = 11m (z —20)*f(2) = leglz dz (z — zg)2

dz = 2mi Res(f(2), z,)

—Z — Z4 1
= lim =

22, (2 — 20)°  6v3
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*13.2 Some Consequences of the Residue Theorem

Solution (f2Z)(cont.):

Hence,
4% Z d—42'R(() )_42,1
i ], @taz+D2 0 esiflz) 2,) = 7 - 2mt 6v/3
and, finally,

2m 1 A1
df = ——
o (24 cosB)? 34/3
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Review for Lecture 13

« Residues (B#)

« Residue Theorem (B#iEIE)

Exercise

Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAQO6/index.htm|
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