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A First Course in

Complex
Analysis

Class Information
Lectures: Period 3, 4, Monday (EEH), Thursday ("RFEH)

Grades: e Attendance—-2/0
26% Assignments (Submission Attendance >2/3)
10% Quiz
64% Final Examination —
+3 Bonus Points ;E_ f g&:ﬁ
Textbook: zr[Eng] A First Course in Complex Analysis with Application, — -/ o
(FHHE) Dennis G. Zill and Patrick D. Shanahan, Jones and ::j
Bartlett Publishers, Inc. 2003 :j

SEE [Jap] IFEW |REEGR, <15 &, &I Ef7, 1 T2 2%, 2007 —_) N
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About Final Examination
00 { Lecture Slides (Example, Definition, Theorem)

Assighments

10% Others

Course Materials (updating after each lecture)
http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAQ06/index.html

 Lecture Slides
« Assignments

Please submit the homework to ma06.complex.analysis@gmail.com

3
-
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http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MA06/index.html

About the usage of Al (ChatGPT, etc.)
Al ( ChatGPTZE ) ORJHIZ DN T

[t’'s OK to use in your course studies.

[t's NOT OK to use It to get solutions
for your homework, quiz, and exam.
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What we will cover

Full syllabus on course website
Chapter 1 1. complex plane, point at infinity
Chapter 2,3 2. holomorphic functions, Cauchy-Riemann equations
Chapter 3 3. harmonic functions

Chapter 4 4. exponent functions, trigonometric functions, logarithm functions, roots, complex

A First Course in

& powers of complex numbers
omplex

Analysis 5. complex integrals
-~ | Chapter 5 6. Cauchy's integral theorem, integrals of holomorphic functions

7. Cauchy's integral formula, Liouville's theorem, maximum modulus principle

~ 8. complex sequence and series

9. sequence and series of functions, uniform convergence

10. power series and its convergence domain
Chapter 6 < 11. Taylor series expansion
12. Laurent series expansion, zero points, singularities

13. residue theorem

- 14. application to several (realz definite integrals (Details depend on each class.)
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Prerequisites

MAO3 Calculus |
MAO4 Calculus Il

Related Courses
MAOQS Fourier analysis

NSO2 Electromagnetism

2024/1/4 MAO6 Complex Analysis (2 3& B £8:H)
T EEEOEBRBRERERRERERBRE



You should know

This number means that the equation is corresponding

to ( Section 1.1, Equation (3) ) in the textbook.

/

The sum (1) and product (#&) of a complex number z with its

conjugate (8&3£1%) 7 is a real number:
z+Z=(a+ib)+ (a—ib) = 2a
zZ = (a+ib)(a —ib) = a? — i*b? = a? + b*

/

(1.1.3)

(1.1.4)

This number means that the example is corresponding

to ( Section 1.2, Example 1) in the textbook.

/

EXAMPLE (f5l%8) 1.2.1| Find the Modulus of a Complex Number

(@ z=2—-3i (b)z=-9i.
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Lecture 1

1.1 Why Complex Number (&%) ?

1.2 Complex Number (8% %) and Their Properties (14 &

)

1.3 Complex Plane ({8 & H)

1.4 Polar form (##0) of Complex Plane (18 &=

I~
nn
N’
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1.1 Why Complex Number (£ X%) ?

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H)
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1.1 Why Complex Number (8 &%) ? Let’s consider a problem that find
. s solutions of equations.

Equation 1 Equation 2
x2—1=0 x24+1=0 The Equation 2 has no solutions
x2 =1 ) in real number domain,
— x<=-1 we must create the definition
x =+Vv1 = +1 x =7 forv—1.
x> —-1=0 x+1=0

5 Y . 5 Yy : : ‘
7 X | X
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1.1 Why Complex Number (f8&%{) ?
Imaginary Unit (B2t & {i1)

Definition (%) Imaginary Unit (5 £{8{7)

The imaginary unitiis defined by i = v-1.

The definition of i tells us that | i*= -1

We can use this fact to find other powers of i.
Example
i3=i?-i=(-1)-i=—i =i’ i*=(-1D-(-D =1

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 11
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1.2 Complex Number (€ 2%

and Their Properties (1£5)

2024/1/4 MAO6 Complex Analysis (18 3= B %K) 12
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1.2 Complex Number (&%) and Their Properties (1£5)
Complex Number (8 &%)

Imaginary Unit (5 $g 8 i)

i=1/_1 o l2:—1

Pure Imaginary Number (455 )

Define pure imaginary number (4 E#{) as Z = bi,

where b is a real number (3£%{) and i is the imaginary unit (FE£{EfI).
For example, z = 6i orz = —2i is a pure imaginary number (#ERE%Y) .

Definition (%) 1.1 Complex Number (&%)

A complex number is defined as z = a + ib, where a and b are real
numbers (3£%X) and i is the imaginary unit(E Z{E {i7).

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 13




1.2 Complex Number (&%) and Their Properties (1£5)
V9 =3 Number System

V=9 =7

Complex Numbers

Real Numbers

Rational Numbers
Ratios (fractions)

Integers
. 8| D1 0] 80

Natural Numbers
1.2.3. ...

Imaginary
Numbers

V=1=i

Irrational
Numbers

Credit: https://www.slideserve.com/ankti/complex-numbers

2024/1/4 MAO6 Complex Analysis (#2 3= B2k :m)
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1.2 Complex Number (&%) and Their Properties (1£5)

Real Part (328F) and Imaginary Part (EE3B) of Complex Number

INnz = a+ib,

t
t

ne read

Ne rea

num

num

For example:
4 — 9i,thenRe(z) = 4and Im(z) = —O.

ifz =

2024/1/4

Derals ca

per b IS ca

€C

ed the Real part (28B) of z, i.e. Re(2) ;

the Imaginary part (EE&F) of z, i.e. Im(2).

MAO6 Complex Analysis (#2 3= B8 £1iR) 15
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1.2 Complex Number (&%) and Their Properties (1£5)

Definition 1.2 Equality (18 2:RB8{R)

If real numbers (22%) a; = a, and b; = b,, then Complex numbers (8%
#) z, =a, + ibyand z, = a, + ib, are equal, i.e. z; = z,.

(Two complex numbers are equal if their corresponding real and imaginary parts are equal.)

If we use the symbols Re(z) and Im(z),

Definition 1.2 states that z; = z, if Re(z;) = Re(z,) and Im(z,) = Im(z,).
| | ] |
aq a, b1 bz

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 16



1.2 Complex Number (8% %) and Their Properties (1£E)
The set of Complex numbers (B2 DES

=)

AT

The set of Complex numbers (BEZHEFDES, i.e. BEER) is
usually denoted by the symbol C or C.
.e.

a+ibeC, ibeC a+i0eC

Notice: Because any real number a can be writtenasz = a + i0 = q,

we see that the set R of real numbers (EHDER) is a subset (Bl 75
&) of C.

2024/1/4 MAO6 Complex Analysis (#2 3= B8 £1iR)
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1.2 Complex Number (&%) and Their Properties (1£5)

Arithmetic Operations ([ Al;E&
If zy, = a, + ibjand z, = a, + ib,, we have the operations as follows.

A Addition 71+ 2, = (ay + ib)) + (ay + iby) = (a; +a,) +i(by + b,)
J4%  Subtraction z,— 2y = (ay + iby) — (ay, + iby) = (ay —ay) +i(by — by)

iii MUItipIication Z1 24y = (a1 + ibl)(az + lbz) = a1a, + izblbz + ib1a2 + ia1b2

— a1a2 - ble + i(blaz + albz)

Z1 _ 4+ ib a, #0orb, #0

BRiE Division

Z9 B a, + lbz
(aq + iby)(a; — iby)  aja; + bib, +i(azby — ayby)

" (ag + iby)(ay — iby) a2 — i2b2 + i(azh, — azby)
_aqa; +biby bia; —ayb,

+1
as + b2 as + b2

2024/1/4 MAO6 Complex Analysis (#2 3= B2k :m) 18



1.2 Complex Number (&%) and Their Properties (1£5)

The familiar commutative, associative, and distributive laws hold for
complex numbers :

N _ Zl -+ Zz = Zz -+ Z1
ZHakAl  Commutative laws
lez — ZzZl

Al + (Zz +Z3) — (Zl +Z2) +Z3

sE=3kH|  Associative laws {
21(2323) = (2123) 23

588l Distributive laws 721(2y + 23) = 212y + 7123

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 19




1.2 Complex Number (&%) and Their Properties (1£5)

= —

Notice (£3):

For Addition (I0i%), Subtraction (iRiiX), and Multiplication (F&iZ%)

(1) To add (subtract) two complex numbers, simply add (subtract) the
corresponding real and imaginary parts (X9 AEEEEEZEME
(&) T 51T TY).

(2) To multiply (2E) two complex numbers, use the distributive law

(9rB2i%Rl]) and i¢ = —1.

*We will discuss the division (Ff3%) later.

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 20




1.2 Complex Number (&%) and Their Properties (1£5)
EXAMPLE (f5I%8) 1.1.1 Addition (iI5%&) and Multiplication (&%)
Ifz, = 2 + 4i and z, = =3 + 8i, find (a) z; + z, and (b) z,z,.
Solution (B2Z):

(a) By adding real and imaginary parts, the sum of the two complex
numbers z; and z, Is

zZ1+2z, =2 +4i))+ (-3 +8i))=2-3)+i(4 + 8) =—-14+12i
(b) By the distributive law and i = —1, the product of z; and z, is
Z1Z5 = (2 + 4i)(—3 + 8i) = (2 + 4))(—3) + (2 + 4i)(8i)
= —6—12i + 16i + 32i?
= (—6—32) +i(16 — 12) = —38 + 4i

MAO6 Complex Analysis (#2 3= B8 £1iR)
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1.2 Complex Number (&%) and Their Properties (1£5)

Zero (£ 0O)

0 + 0i, 1.e.0.

The zero in the complex number (8Z&£) system is the number

The zero satisfies the additive identity (JIVEE

7G) In the complex

number system that, for any complex number z = a + ib, we have

z+ 0 =2z

z+0=(a+ib)+0+0)=a+0+i(b+0)=a+ib=z.

2024/1/4 MAO6 Complex Analysis (#2 3= B2k :m)
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1.2 Complex Number (&%) and Their Properties (1£5)
Conjugate (B&ZH 1% - 18 FLHe)

If z1s a complex number, then the complex number z obtained

by changing the sign of its imaginary part (Z&fD TS5 ZZ Z B)

is called the complex conjugate (8 %4
In other words (8= 9 1 1),

£1%), or simply conjugate.

if z = a+ib, thenits conjugateisz = a — ib.

Example: ifz

6 + 3i, thenz = 6 —3i
fz = -5 —ithenz= -5 + i

If zisarealnumber,eg.z = 7+0i=7,thenz=7-0i =7.

MAO6 Complex Analysis (¥ =R 24:H)
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1.2 Complex Number (&%) and Their Properties (1£5)
The sum (1) and product (#8) of a complex number z with its

conjugate (2Z&+£1%) 7 is a real number:
z+zZ=(a+ib)+ (a—ib) =2a (1.1.3)
zZ = (a+ib)(a —ib) = a? — i*b? = a* + b? (1.1.4)

The difference (%) of a complex number z with its conjugate Z is a

pure imaginary number (£ERE#):
z—Z=(a+ib)—(a—ib) = 2bi (1.1.5)

Because a = Re(z) and b = Im(z), (1.1.3) and (1.1.5) give two useful

formulas:
Re(z) = and Im(z) = —— (1.1.6)
2 21
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1.2 Complex Number (&%) and Their Properties (1£5)

Division ([f;%)
To compute 2—1 multiply the numerator (77+) and denominator (77 )
2

of > by the conjugate (8% #£18) of z,. That is,

21 _ 4 Zy (a; + ib1)(az — iby)

z, 2z, Z, (az+ iby)(a, — iby) (1.1.7)
and then use Equation (1.1.4)
zZ = (a+ib)(a —ib) = a? — i*b? = a* + b?
+ ib — ib + b.b b, —ab
Thus Z1 _ (a; + iby)(a; — ib;)  aja; + by 2+ia2 1 — 107

z, (az+ iby)(a; — iby) as + b3 a; + bs

2024/1/4 MAO6 Complex Analysis (#5 & BA&EH) 25




1.2 Complex Number (&%) and Their Properties (1£5)
EXAMPLE (f51%€) 1.1.2 Division (BR;Z%)
|fZl = 2— 3i and Zy = 4 + 61,, flﬂd Zl/ZZ‘

So'"tio.n (BE2): : zy 7z1 Zp (ag+ iby)(ay — iby)
By using Equation (1.1.7): - =77 =

z, 7y Zy (a;+ iby)(a; — iby)
zy (2-30(4—60) 2-4+i%-(=3)-(=6) (=3)-4+2-(=6)

z, (4+6i)4—-6i) 42 + 62 ik 42 + 62
8—18 —12-—12
~16+36 ' 42+ 62
10 24 5 6
~ 7527 '52 T 726 '13

2024/1/4 MAO6 Complex Analysis (#2 3= B2k :m) 26




1.2 Complex Number (&%) and Their Properties (1£5)
EXAMPLE (f51%&) 1.1.3 Reciprocal (3##2)

Find the reciprocal of z = 2 — 3.

Solution (F2%):

1 1 1 2430 2430 2+3i
z 2—-3i 2—-3i 2+4+3i 449 13
1 2 3
Thus —=z1=-"—-+-—i
US ~ Z 13+131

Y ify that 1—(2 3')2+3'—1
ou can verify that z— = N ztzl)=

2024/1/4 MAO06 Complex Analysis (#5 3 BE£(5R)
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1.2 Complex Number (&%) and Their Properties (1£5)

Remarks

« We cannot compare two complex numbers z; = a; + ib,,
z, = a, + ib, by means of inequality (R =),
which means that z; < z, or z; = z, have no meaning In
C(EXHERDES) exceptb, = b, =0 i.e. z; and z, are

both real numbers.

Notice: We can compare the modulus of complex numbers (&% ®
4393 fE) by means of inequality, i.e. |z;| < |z,| or |z;| < |z,].

2024/1/4 MAO6 Complex Analysis (#2 3= B2k :m) 28




1.3 Complex Plane (€ =¥ H)

2024/1/4 MAO6 Complex Analysis (18 3= B %K) 29
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1.3 Complex Plane ({8 & @)

A complex number (8&#{) z = x + iy can be plotted on complex plane (& ) by a pair of
real numbers (x,y).

iz B The coordinate plane (EE#£<FH) in Figure 1.1 is called the
y-axis 9
or complex plane (8 &) or simply the z-plane (z -¥H).

imaginary axis

« The x-axis (&) is called the Real axis (32#H#) because
Z=X 41y Or

N - (X, ) each point on that axis is a real number.
I
!  The y-axis (£¢#H) is called the Imaginary axis (&)
I
: because each point on that axis is a pure imaginary
I X-axis .
X or number (4EE£X).
real axis
1
Figure 1.1 z-plane
2024/1/4 MAO6 Complex Analysis (#8 3 B 4 5H) 30




1.3 Complex Plane (8= H)

A complex number z = x + iy can be viewed as a vector (X7 kL),

RE B
y Its initial point (48 /) is the origin (JRs) and terminal point (#53) is
, the point (x, y).
Z=X + Iy
The length of vector z (X% b JILz MK Z &) has a special name: Modulus.
Definition 1.3 Modulus (1€ 2 ? 4& X7 (&)
The modulus (8 Z &L D & X {E) of a Complex numbers
N (BZ=ED z = x + yi, is the real number (%))
S z| = /x2 + y? (1.2.1)
Figure 1.2 A vector z
Notice: Modulus of z can also be called as absolute value of z or
magnitude of z.
2024/1/4 MAO6 Complex Analysis (#8 & BEA$5%) 31
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1.3 Complex Plane ({8 & @)

EXAMPLE (f1%8) 1.2.1 Find the Modulus ((E&Z# 0 4 %} &) of a
Complex Number (a)z= 2 —3i (b)z=-9i.

Solution (FZ):

@) |z| = /x2 +y2 =./22 + (=3)2 =+/13

(b) |z| = V/x2 +y2 =02+ (=9)2 =9

2024/1/4 MAO6 Complex Analysis (8 = EA%LER) 32



1.3 Complex Plane ({8 & @)

21+42

Sum (#0) and Difference (%) of complex numbers by using vectors
o (x1+x Y1+ 1))

Z1 =x1+iy1 and Zo = Xy +ly2

Z1 + Z, is the vector from the origin to the point

x (x4, y1) + (x2,¥2) = (X1 + x2,y1 + ¥2)

Yy

Distance (EE&#) between two points z; = x; + iy, and z, = x, + iy,

Ez;rzl 22 . |z — 21| = [(x2 —x1) + iy, —y1)| = \/(xz —x1)% + (y2 — y1)?
(x,— X1, Yo~ 1) 3
* Notice:

When z; = 0, we see |z, — z;| = |z,|, represents the

(b) Vector difference distance between the origin and the point z,
Figure 1.3 Sum and difference of vectors
2024/1/4 MAO6 Complex Analysis (5 3= B %) 33



1.3 Complex Plane ({8 & @)

Inequalities (R )

Yy
B 1z, + z,| < |z1| + |2, (1.2.6)

This (1.2.6) i1s known as triangle inequality

7 (EATEX).
X
Figure 1.5 Triangle with vector sides 21| = 21 + 25 + (—22)| < |21 + 25| + [—2;,]
= |z1 + 7| + |z,|
|:> |Z1 + Z2| > |Z1| — |Z2| (1.2.7)
2024/1/4 MAO6 Complex Analysis (#23& B8 %45#) 34




1.4 Polar form (1&fi2) of

Complex Plane (8 & ¥ H)

2024/1/4 MAO6 Complex Analysis (#8 & BEA$5%)
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1.4 Polar form (2 z() of Complex Plane (8 & H)

r cos

 Cartesian coordinate system (T 7/ MEiRAR ~ B

- Polar Coordinate System (#8E{R %): (r,0)

2024/1/4 MAO6 Complex Analysis (#8 3 B 4 5H)




1.4 Polar form (#23() of Complex Plane ({8 %&*

m} Euler's Formula

i

e'® = cos ¢ + i sin @

sin @

Leonhard Euler
LA - AT —
(Switzerland) (1707~1783)

Richard Feynman
VF¥—F-Tr7a420<>
(USA) (1918~1988)

The physicist Richard Feynman called the Euler's Formula (A4 5 —n2) "our jewel" and
'the most remarkable formula in mathematics.

[1] https://en.wikipedia.org/wiki/Euler%27s_formula

2024/1/4 MAO6 Complex Analysis (#8 & BEA$5%)
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1.4 Polar form (12 =) of Complex Plane (8 = H)
Y
(r, ©) or (x, y) zZ=x+1y
" = (rcosB) + i(rsin )
\(\)\ |  S] 13.1
'{// i = rsin 0 =71(cosO +isinf) (1.3.1)
| . i By using Euler’s Formula
\8 | Z=T€ e =cosf +isiné
L~ Y
oh RN ; polar We say that (1.3.1) is the polar form

axis P
Figure 1.7 Polar coordinates (18 EE{R %) (B TV) of the complex number z.

in the complex plane

Wecall r =|z| = x2+y2 as modulus or magnitude (8 &I D 43I {E) of z,
6 = arg(z) = arctan as argument ({@#) of z. (Notice the quadrant)
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1.4 Polar form (2 z() of Complex Plane (8 & H)

EXAMPLE (51%8) 1.3.1

Find the polar form of the complex number

z=—/3—1i
Solution (f%Z): A
5 90", 2
_ - _ _ 2
=2
Y _ —1 _ = ¢ >
arctan; = arctan - N P 0 0 h__*‘;m,
Because the point (—/3,—1) is in the Quadrant III Quadrant TV
third quadrant (58=%[R) and tan 8 is
m-periodic 7 s 3:TIE
[ [ ¥
0 = arg(z) 6 T 6 By Equation (13.1) z = Z(COS? + i sin ?)

2024/1/4
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Application of Complex Number :

Rotation

Im
i(=iY)
+90\/ { x%"
> ~ >
—1(= i) 1(=i% Re
—i(=i%)
2024/1/4 MAO6 Complex Analysis (#8 3 B8 £4:R) 40



Application of Complex Number : Rotation

iVY.-i=1i
Im .
i(=i')
fxrw
| > >
-1 1(=i% R
—i

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H)




Application of Complex Number : Rotation

i i.i=i%4=-1
Im .
i(=i1)
+9f PN +90°

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 42



Application of Complex Number : Rotation

i0.i.i-i=i3=—i
Im ,
i(=i1)
+90-"" | SN +90°
\‘l:l \\‘
- —
-1(= 'Z)k 1(=i% R
. 4
+90
—i(= i%)
2024/1/4 MAO6 Complex Analysis (#8 3 B8 £4:R) 43




+90,,"7 [ S +90°

'\‘Il,/ >\‘{1(= -4-;= lO)
—1(: '2)'\\ Re
+90° = i +90°

2024/1/4 MAO6 Complex Analysis (2 3& B £8:H)




Application of Complex Number : Rotation

RE B
Yy

z=x+iy=re'

X
SE

Figure 1.2 A vector z

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H)
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Review for Lecture 1

« Imaginary Unit « Conjugate
« Complex Number « Complex Plane and Modulus
« Arithmetic Operations « Polar form of the Complex Plane

Slides and Assignment

Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MA06/index.html
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Appendix (k)

1.1 Why Complex Number (f8&%0) ?

Recall that in Calculus /], we have Taylor Series

oo .n 2 3
- X B X X X
e’ = =14+—4+ =+ —=—+ -
a—o 1! ]! 2! 3!
oo 7
) 1Hn+] .1[3 3{'5 1?
sinx = ), (—1) =X— -+t = =
fort Qn + 1)! 3151 7!
oo 2n 2 24 6
X X X X
cos x = > (—1)" =] - — —— +
fourt (2n)! 21 41 6
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Appendix (k)

1.1 Why Complex Number (f8&%0) ?

x x% x3 x* x°

X — —_— eee
=ttty tate T

ix N (IiX)2 N (ix)? N (ix)* N (ix)° .

X _—
e =1+t 3] 4 51
B ix x% ix3 x* ix®
B TR TR TR TH because % = —1
ix x% ix3 x* ix®

B TR T TR TR TR

x? x* x3  x°
:(1_2!+4!_'")+‘(x_3!+5!_"'>

= CoSXx +isinx
2024/1/4 MAO6 Complex Analysis (#2 3= B8 £1iR)
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Appendix (1 %)
1.2 Complex Number (8 &%) and Their Properties (£ 5)

Additional GENM®) properties
- The conjugate (8 &£ 1%) of a sum (F) of two complex numbers (%) is the sum (F) of the

conjugates (8 &%)

Z1 + Zz — Z_]_ + Z_Z (1113)
Similarly (B#& (<), for the difference (&),
Z1 — Zy = Z1 — Zy (1.1.1b)
And more
* Z1Zy) = 717y
. (zl) 77 (1.1.2)
z,) 7
e 7=7
2024/1/4 MAO06 Complex Analysis (#5 3 BE£(5R) 49



Appendix (k)

The book mentioned in the lecture:

Handbook for Spoken Mathematics

by Lawrence A. Chang

2024/1/4 MAO06 Complex Analysis (#5 3 BE£(5R)
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