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Lecture 3

3.1 Differentiability ({53 ol gE14) & Analyticity (&1 14)

3.2 Cauchy-Riemann Equations (A —> — - U =< > O ARER)
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3.1 Differentiability ({53 ol gEtE) & Analyticity (B&1r %)
Derivative ((Z2EI%0)

Definition (%) 3.1 Derivative ((BE3%%) of Complex Function ({8 £

Suppose (R 9 %) the complex function f is defined in a neighborhood (3T 1%)
of a point z,. The derivative (Z2EJ %K) of f at z,, denoted by f'(z,), is
Zo +Az) — f(z

f'(zo0) = Aléglo Az

when this limit exists.

« [Ifthe limitin (3.1.1) exists, then the function f is said to be
differentiable (#4543 BJ&E) at z,.

* Besides f'(z,), we have two other symbols denoting (&7~ 9 ) the

I . , d
derivative of w = f(z), which are w’ and d—VZV.
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3.1 Differentiability (f%3 Ol gE14E) & Analyticity (B4 14)

EXAMPLE (=) 3.1.1
Use Definition 3.1 to find the derivative of f(z) = z% — 5z.

Solution (fZ):
We replace z, in (3.1.1) by the symbol z for any point. First, compute the complex function
f(z +Az) = (z + Az)? — 5(z + Az)
=z%+ 2zAz + (Az)? — 5z — 5Az.

Second,
f(z +Az) — f(2) =z?+ 2zAz + (Az)? — 5z — 5Az — (2% — 52)

= 2zAz + (Az)? — 5Az.

Finally, (3.1.1) gives
flz+Az) — f(2) _ 2zAz + (Az)? — 5Az

f'z) = Al;r—r}o Az A;r—r}o Az
- Az(2z+ Az - 5)
= lim
Az—0 Az
= lim (2z+Az—5) = The limitis f'(z) =2z — 5
Z—
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3.1 Differentiability (fil53 ol g t4E) & Analyticity (&4 1%)
Rules of Differentiation (ﬂ'ii 7,%81)

If f and g are differentiable at a point z, and ¢ is a complex constant, then
(3.1.1) can be used to show:

Constant Rules (FE# o iE8l): %C = 0 and %Cf(z) = cf'(2) (3.1.2)
d
Sum Rule (F1o 3% 8l): @19 =f@D+g' ) (3.1.3)
d
Product Rule (& ® ;% 8l): S f@g@]=f'(2)g() + f(2)g'(2) (3.1.4)
| e A[fD]_fDe@ - F(2)d ()
Quotient Rule (& » ;% Hl): 2|9 = TIONE (3.1.5)
Chain Rule (Z#{2): “fa@) =f'(9()g') (3.1.6)
Power Rule (B0 % 8): %Z” =nz""1 , wherenis an integer. (3.1.7)
Combine (3.1.7) with (3.1.6), —[ (D))" =nlg(2)]* 1g'(2), nisan integer. (3.1.8)
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3.1 Differentiability ({53 ol gEtE) & Analyticity (B&1r %)

EXAMPLE (f51Z) 3.1.2 Using the Rules of Differentiation.
Differentiate:

(@) f(z) =3z*-5z3+2z (b) f(z) = 2 (©) f(z) = (iz? + 32)°

4z+1

Solution (F%Z):
(a) Using the power rule (3.1.7), the sum rule (3.1.3), along with (3.1.2), we obtain
f(z) = 3-4z3— 53224+ 2.1 = 1223 — 1522 4+ 2

(b) From the quotient rule (3.1.5),
, 22-(4z+1)—2z%-4 4z% + 2z
f2) = (47 + 1)2 ~ (4z + 1)?
(c) In the power rule for functions (3.1.8) we identifyn = 5, g(z) = iz* + 3z, and
g'(z) = 2iz + 3,s0 that
f'(z) =5(iz* + 32)*(2iz + 3)
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3.1 Differentiability (f%3 Ol gE14E) & Analyticity (B4 14)

EXAMPLE (%1&8) 3.1.3 A Function That is Nowhere Differentiable.
Show that the function f(z) = x + 4yi is not differentiable at any
point z.

Solution (F2Z):
Let z be any point in the complex plane. With Az = Ax + iAy,
fz+Az)—f(z2) = (x+Ax) + 4(y + Ay)i — (x + 4yi) = Ax + 4Ayi
fz+82)—f(z) _ | Ax+ 4y !

and so i
AT Az Ay (319)
Z
Now, as shown in Figure 3.1(a), if we let Az —» 0 along a line —>‘ -
. Az =Ax
parallel to the x-axis, then Ay = 0 and Az = Ax and
— X
lim flz+42) = f(2) = lim A—x =1 (3.1.10) Figure 3.1(a) Az — 0 along
Az—0 Az Az—0 Ax a line parallel to x-axis

2023/12/14 MAO06 Complex Analysis (#5 3 BE£(5R) 7
e T



3.1 Differentiability (f%3 Ol gE14E) & Analyticity (B4 14)
y

On the other hand, if we let Az —» 0 along a line parallel

to the y-axis as shown in Figure 3.1(b), then Ax = 0 and Az =idy 'l' z
Az = iAy so that 1

Az) — AAvi
im L&A —T@) Y 5100
Az—0 JAVA Az—0 Ayl X

Figure 3.1(b) Az — 0 along
a line parallel to y-axis

In view of the obvious fact that the values in (3.1.10) and (3.1.11) are different, we
conclude that f(2z) = x + 4yi is nowhere differentiable; that is, f is not differentiable
at any point z.
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3.1 Differentiability ({53 ol gEtE) & Analyticity (B&1r %)
Analytic Functions (8247 B%))

Definition (F%) 3.2 Analyticity (B2471%) at a Point

A complex function (f8&BE) w = f(2) is said to be analytic (EZ4rHY)

at a point z, if f is differentiable (%3 Ol &E) at z, and at every point in
some neighborhood of z,.

« A function f is analytic in a domain D if it is analytic at every
pointin D.

Notice: A function f that is analytic throughout a domain D is also called
holomorphic function (IERIEZX) or regular function.

Analyticity is a neighborhood property that is defined over an
open set (AL S) (i.e. not only for a single point).
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3.1 Differentiability (fil53 ol g t4E) & Analyticity (&4 1%)
If the functions f and g are analytic in a domain D, then

Analyticity of Sum (F0), Product (&), and Quotient (&)

The sum f(2) + g(z), difference () f(2) — g(z) , and product f(2)g(2)

Pl analyticif g(z) # 0in D.

are analytic. The quotient
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3.1 Differentiability (153 olgEtE) & Analyticity (B2 %)
Entire Functions (E2E& %))

A function that is analytic at every point z in the complex plane is
said to be an entire function (B2 %).

Theorem 3.1 Polynomial and Rational Functions

(i) A polynomial function (ZIBETEEAE) p(2) = a,,z" + a,,_1z2" 1 +
-+ a,z + ay, where n Is a nonnegative integer, is an entire
function (BERE).

(i) A rational function (BI2BEE£Y) f(z) = Q , where p and q are

polynomial functions (ZIETEIEL), is analytlc in any domain D
that contains no point z, for which g(z,) = 0.
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3.1 Differentiability (fil53 ol g t4E) & Analyticity (&4 1%)
Singular Points (45 £ =)

In general, a point z at which a complex functionw = f(z) fails
(5829 %) to be analytic is called a singular point ($$£53) of f.

47

For example, since the rational function f(z) = e IS discontinuous

at1+iand1—ibecausez?—2z+ 2 =0, f fails to be analytic at these
points.

Thus by (ii) of Theorem 3.1, f is not analytic in any domain containing
one or both of these points.

These two points are singular points of f.
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3.1 Differentiability ({53 olgEtE) & Analyticity (B&1r14)
Theorem 3.2 Differentiability (fil 73 ol 8Et) Implies (£ 5)

Continuity (& 14)

If f is differentiable (%3 o &E) at a point z, in a domain D, then f

is continuous (3E#%) at z,.
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3.1 Differentiability (73 ol gEtE) & Analyticity (B& 1)
An Alternative (X4 Y @) Definition of the Derivative C2E%)) f’(2)

We know

f(zo + Az) — f(2) from (3.1.1)
Az o

f1lz0) =
Since Az = z — zy,, thenz =z, + Az, and so (3.1.1) can be written as

1(20) = lim L2~ %) (3.1.12)

Z_)ZO Z - ZO
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3.1 Differentiability (fil5> oIgEtE) & Analyticity (BF4r14)
Theorem 3.3 L'Hopital's Rule (B E % LD EIE)

Suppose f and g are functions that are analytic at a point z, and

f(zy) =0, 9(zy) =0, but g'(zy) # 0. Then
1) )

3.1.13
9@~ 9 3.1.13)
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3.1 Differentiability (f%3 Ol gE14E) & Analyticity (B4 14)
EXAMPLE (f51Z) 3.1.4 Using L'Ho6pital's Rule (B E % )L 0 EHE)
Compute lim Z—22*5

7241 23—-2-10i
Solution (fZ):

We know z, = 2 + 1.

If we identify f(z) = z*? — 4z + 5 and g(z) = z°> — z — 10i, you should verify that
flzo)=fR+D)=Q+i)>—-4Q+i)+5=4+4i+i*—8—-4i+5=0
gz))=9gR+D)=0Q+i)*-Q2+i)—-10i=0GU+4i+i>)Q2+i)—2—i—10i

=(B+4)Q2+i)—-2—-11i=6+8i+3i+4i?-2—-11i=0

The given limit has the indeterminate form %

Now since f and g are polynomial functions, both functions are necessarily analyticat z, = 2 + i.
d(z? — 4z +5) d(z3 —z — 10i)

'"(z) = =2z—4, g'(2) = =3z% -1,
f @) dz z2=4 g(2) dz g
then F2+1)=2Q+i1)—-4=2i, gQ2+i)=3R2+i1)?*—-1=8+12i
, y z2—4z+5 fQ@+i) 20 2i(8-120) _3+1_
weseethat (3.1.13)gives A, 3 0 " g2+ B8+12i (B+12)B-120) 26 13
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3.1 Differentiability ({53 ol gEtE) & Analyticity (B&1r %)
Exercise (#&): Using L'HoOpital's Rule (O E % )L 0 EIE)

: z2—2z+4
Compute lim -
214430 Z~1-V3i
Solution (fZ):
We know z, = 1 + V3.
If we identify f(z) = z2 — 2z + 4 and g(z) = z — 1 — V/3i, verify that
f(zo) = f(1++3i) =0
9(z9) = g(1+ \/§i) =0
The given limit has the indeterminate form %

Since f and g are polynomial functions, both functions are necessarily analytic at z, = 1 + V3.

, d(z? — 2z + 4) , d(z— 1 —\/§i)
f(z) = P =2z—2, g(z)= P =1,
' z2—2z+4 fQA+V3) 201++V3i)-2
1IMm — =
z-1+3iz — 1 —+3i  g'(1++3i) 1
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3.2 Cauchy-Riemann Equations

(ZI—>— - =< DOHRE)
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3.2 Cauchy-Riemann Equations (11— — - U =< > D H=ZER)
A Necessary Condition (WZE515F) for Analyticity (&1 14)

Theorem 3.4 Cauchy-Riemann Equations (A3 —>— - U —-< >

D HER)

Suppose f(z) = u(x,y) + iv(x,y) is differentiable at a point
z = x + iy. Then at z the first-order (—Pg) partial derivatives of
u(x,y) and v(x,y) exist and satisfy the Cauchy-Riemann

equations

ou ov ou ov

=" and —=-— (3.2.1)

0x ay ay dx Proof: P152 of Textbook
Alternatively, Uy =7y, and uy, = —U,
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)

EXAMPLE (f5I%&) 3.2.1 Verifying Cauchy-Riemann Equations for
the polynomial function f(z) = z% + z

Solution (fZ):
The polynomial function f(z) = z? + z is analytic for all z and can be written as

f@QO=(x+iy)?+(x+iy) =x?—y?+x+i(2xy +y).

Thus, u(x,y) =x? —y* +xand v(x,y) = 2xy +y.
For any point (x, y) in the complex plane, we can see that the Cauchy-Riemann

equations are satisfied:

ou \ o 0240
ik L R VR VR ki A I T
ov a_@ oV oy 0x
—=2x+1 _— =2 0

ay / ax y+ ~
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)

Criterion (E#£) for Non-Analyticity

If the Cauchy-Riemann equations are NOT satisfied at every point z

in a domain D,

then the function f(2) = u(x,y) + iv(x,y) CANNOT be analyticin D.
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)

EXAMPLE (f51Z) 3.2.2 Using the Cauchy-Riemann Equations
Show that the complex function f(z) = 2x*+ vy + i(y* — x)is
not analytic at any point.

Solution (fZ):
We identify u(x,y) = 2x* + yand v(x,y) = y* — x. From

ou N ou Ov du )

— = — = —=0+1

ov , 0 " then we have an v ay_ 0x
oy~ Y0 y=w x0T

we see that du/dy = —dv/dx but that the equality du/dx = dv/dy is satisfied only
ontheliney = 2x.

However, by Definition 3.2, for any point z on the line, there is no neighborhood or open disk about
z in which f is differentiable at every point. We conclude that f is not analytic at any point.
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3.2 Cauchy-Riemann Equations (11— — - U =< > D H=ZER)
A Sufficient Condition (143 5 ) for Analyticity (B84 14)

Theorem 3.5 Criterion (E#) for Analyticity

Suppose the real functions u(x, y) and v(x, y) are continuous and

have continuous first-order partial derivatives Z;‘, g;‘, gz, and g—;, in
a domain D.

If u and v satisfy the Cauchy-Riemann equations (3.2.1) at all
points of D, then the complex function f(z) = u(x,y) + iv(x,y)is

analytic in D.
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)

EXAMPLE (51%8) 3.2.3 Using Theorem 3.5 to evaluate the
analyticity of the function f(z) = — ==

x2+y x2+y?2

Solution (F2%):

.y .
For the function f(z) = x2+y ~ i the real functions u(x,y) = x2+y and
v(x,y) = — 2+y2are continuous except at the point where x* + y* = 0, that is,

atz=0+1i0=0.
Moreover, we can verify that the first four first-order partial derivatives

ou y%—x? ou _ 2xy

ax (x24+y2)2 ' y (x2+y2)2 '
w2 and - =X’

ox  (x%2+y2)2 ' dy  (x2+y2)2

are continuous except at z = 0.
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)
Solution (f2Z)(cont.):
Finally, we see from

ou  y?—x? v and ou 2xy  0v
a_(x2+y2)2_@ dy  (x2+y2)2  ox

that the Cauchy-Riemann equations are satisfied except at z = 0.

Thus we conclude from Theorem 3.5 that f is analytic in any
domain D that does not contain the point z = 0.

We call this z = 0 a singular point (45£5=).
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)
Sufficient Conditions (+7 %) for Differentiability (il 53 ol E14)

If the real functions u(x,y) and v(x,y) are continuous and also have
continuous first-order partial derivatives in some neighborhood of a point
z, and if u and v satisfy the Cauchy-Riemann equations (3.2.1) at z,

then the complex function f(z) = u(x,y) + iv(x, y) is differentiable at z and

f'(2) is given by (3.2.9).

ou v dv  Jdu

=2t i = (3.2.9)

Namely, we can apply (3.2.9) to find the derivative f’(2).
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3.2 Cauchy-Riemann Equations (2 —> — - ) =< > DO FH=ER)

Statement: Analyticity implies Differentiability but not conversely.

Analyticity = Differentiability

&

EXAMPLE (f1%8) 3.2.4 A Function Differentiable on a Line
Solution (82Z):
In Example 3.2.2 we saw that the complex function f(z) = 2x* + y + i(y? — x)

was nowhere analytic, but yet the Cauchy-Riemann equations were satisfied on
the line y = 2x.

Since the functions u(x,y) = 2x? + vy, ou/0x = 4x, ou/dy =1, v(x,y) = y? — x,
dv/dx = —1 and dv/dy = 2y are continuous at every point, it follows that f is
differentiable on the liney = 2x.

Moreover, from (3.2.9) we see that the derivative of f at points on this line is
givenby f'(z) =4x —i =2y —i.
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Review for Lecture 3
- Differentiability (153 TIBet%)
- Analyticity (24T 14)
 Holomorphic function (IERIEE)
- Singular Point (F £ )
- L'Hopital's Rule (B E %)L D EIE)
« Cauchy-Riemann Equations (I —>— - U=~ > DHER)
« Criterion (%) for Analyticity

Exercise

Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAQ06/index.html
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