Lecture 5

5.1 Roots (1R) of a Complex Number

5.2 (Complex) Elementary Functions (8 %) #1Z£ %L Part 2:

5.2.1 (Complex) Power Functions ({8 &) BRI

5.2.2 (Complex) Trigonometric Functions ({2 %) =A%

and (Complex) Hyperbolic Functions (#82)XX
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5.1 Roots (1R) of a Complex Number
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5.1 Roots (1R) of a Complex Number

Roots of a Complex Number

Consider to find w inw" = z
where w and z are complex numbers,

kis real, 1.e. NOT a complex number.
then

. W [COS (arg(z)k+ 2nn> i (arg(z)k+ 2nn>] (1.4.4)

wheren=20,1,2,... k—1

For polar form z = r(cos 6 + isin8)

0+ 2nm 0+ 2nm
W—W[Cos( >+isin( - )]
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5.1 Roots (1R) of a Complex Number
Quadratic Formula QRFBEXDED AR)

Suppose a,b,c,x ax2+bx+c=0=> x= —b +Vb?% — 4ac Two solutions when
arereal and a # 0. 2a b?> —4ac # 0
Suppose a, b, ¢, z : b+ Ny 163
are complexand az“+bz+c=0% z= o 0.

a + 0. v/
Still two solutions because Vb2 — 4ac

represents the set of two square roots of the
complex number b? — 4ac when it is not 0.
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5.1 Roots (1R) of a Complex Number
Quadratic Formula QRFBEXDED AR)

EXAMPLE (f5l=8) 1.6.1 Solve the quadratic equation z2 + (1 — i)z — 3i = 0.

Solution (B Z):
From Equation (1.6.3), witha =1,b =1 —1i, and ¢ = —3i we have

:—(1—i)+J(1—2i)2—4-1-(—3i) :1[—1+i+\/ﬁ]
To compute Vv10i = (10i)§, we follow the Equation (1.4.4) in this Lecture, and obtain
|(10i)§| =+/10, arg ((10i)§) = g k=2 n=0andn =1 (becausen <k —1).

Therefore, two square roots of 10i are

T [
5>+2:0-m 5+2:0-m
Sp=o0 = V10 (cos2 > +isin2 )

=\/1_O(cos%+isin%) \/_<\/1_+l\/—_> V5 +iV5

51 5m 1 1
Sn=1 =\/E<cosj+isin7> =\/E<———i—> = —V5 —iVv5
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5.1 Roots (1R) of a Complex Number
Quadratic Formula QRFBEXDED AR)

Solution (%) (cont.):

Therefore, (1.4.4) gives two values:
z1 =%[—1+i+ (V5 +iv5)]
:%(\/E— 1) +%(\/§+ 1)i
and

7= [ 14+ (V5 - V)]

= (5 +1) —5 (V5 - 1),
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5.2 (Complex) Elementary Functions ({8 Z=#15EJ%) Part 2:

5.2.1 (Complex) Power Functions (8 2B R£)
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5.2.1 (Complex) Power Functions (&) B KL
Complex Power Function (8EE R %)

Suppose we know z = e*Z, for all nonzero complex numbers z,
(Becauselnz =Ilne™? =1nz)

From Theorem 4.2 (iv) in Lecture 4, z" = (e!n%)" = gnInz

Definition 4.4 Complex Power Function (& E R )

If a Is a complex number and z # 0, then the Complex Power

Function (B K%Y is defined to be:
7% = e Inz (4.2.1)
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5.2.1 (Complex) Power Functions (8 &) &R ]

EXAMPLE (f51%8) 4.2.1 Complex Power Function
Find the values of the given complex power: (a) it (b) (1 + i)

Solution (B2 Z):
(a) In part (a) of Example 4.1.3 in Lecture 4, we know

_(An+Dm

> i ,forn=0,+1,4+2,...

Ini

Thus, for i, by identifying z = i and « = 2i in Equation (4.2.1) we obtain:

. L 2._(4n+1)n.
2l = g2ilni = o2l — o=(n+Dm forn =0,+1,+2,...

For example, whenn = —1, 0, and 1, the values of i?* are 12391.6,
0.0432, and 1.507 x 1077, respectively.
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5.2.1 (Complex) Power Functions (8 &) &R ]

Solution (f2Z)(cont.):
(b) From part (b) of Example 4.1.3 in Lecture 4, we know

1 8n+ 1)
1n(1+i)=210g92+( 2 ) i ,forn=0,+1,+2,...

Thus, for (1 + i)}, by identifying z = 1 + i and « = i in Equation (4.2.1) we obtain:

|1 (8n+1)m.
7108e 2+——7——1| forn=0,4+1,42,...

(1 + i)i: eiln(1+i) — e

(8n+1)m i
— oz tzloge2 ,forn=0,+1,42,...
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5.2.1 (Complex) Power Functions (8 &) &R ]

Properties (&) of Complex Power Functions

Complex powers defined

that are analogous to (¥

(l) Zalzaz — Za1+a2
z%1
(”) Zaz = Zal_az

by (4.2.1) satisfy the fol

A1l9 @) properties of rea

i) E)*"=z"%n=0,=+1,12,.

owing properties

DOWETS:

(4.2.5)
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5.2.1 (Complex) Power Functions (f8 &) B R %X

Definition 4.5 Principal Value (F£1{E) of a Complex Power Function

If a is a complex number and z +# 0, then the function defined by

7% = g lnz (4.2.6)

is called the principal value of the complex power function z*.

2023/12/21 MAO6 Complex Analysis (#5 3= BA%ER) 12
T



5.2.1 (Complex) Power Functions ({8 &) & i

EXAMPLE (f5lz8) 4.2.2 Principal Value of a Complex Power Function
Find the principal value of each complex power: (a) (=3)= (b) (2i)1

Solution (fZ):
(a) For z = =3, we have |z| = 3 and Arg(—3) =, and so Ln (—3) =log, 3 + in

by Equation (4.1.14) in Lecture 4.

Thus, by identifying z=-3and a = i in (4.2.6), we obtain:

i i : i loge 3
( 3)n — o Ln( 3) _ 7T(loge 3+im) _ BT_l

log, 3 log, 3
= <cos Be + i sin Se )e‘l
T T

~ 0.3456 + 0.1260i

Not necessary for the assignment report. (same for all others)
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5.2.1 (Complex) Power Functions ({8 &) & i
Solution (f2Z)(cont.):

(b) For z = 2i, we have |z| = 2 and Arg(z) = % and so Ln (2i) =log, 2 + i=
by (4.1.14) in Lecture 4.

Thus, by identitying z = 2iand @ = 1 — i in (4.2.6), we obtain:

(2i)1~1 = (1= Ln2i e(l—i)(loge 2+i§) —

loge +——l(loge 2—7)

loge 2+%e—i(loge 2—5)

_ eloge 2+ [COS (]Oge ) — %) — 1 Sin (loge 2 — %)]

~ 6.1474 + 7.4008i
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5.2.1 (Complex) Power Functions (8 &) &R ]

Analyticity (B&1fr14) of z«

Since the function e*# is continuous on the entire complex plane, and since
the function Ln z is continuous on the domain |z| > 0,—r < arg(z) < m, it
follows that z% is continuous on the domain |z| > 0, —r < arg(z) < 7.

fl(Z) — palnz _ ,a(loge |z|+iarg(z))’ — < arg(z) < T (4.2.7)

This is called the principal branch of the complex power z¢.
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5.2.1 (Complex) Power Functions (8 &) &R ]

Analyticity (B&1fr14) of z«
The derivative of f; (z) can be found using the chain rule (3.1.6) in Lecture 3,

alnz _ eaan_[

f’(z)zie chnZ]=e?0‘LnZg (4.2.8)
! dz dz Z o
Using the principal value z% = ¢* 1% we find that (4.2.8) simplifies to

a
fi(z) = Za; = az%!

On the domain |z| > 0, — < arg(z) < =, the principal value of the complex
power z% Is differentiable and

d
_ZC(
dz

a—1

= az“"", where a is a complex number. (4.2.9)
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5.2.1 (Complex) Power Functions (8 &) &R ]

EXAMPLE (f51%) 4.2.3 Derivative of a Complex Power Function
Find the derivative of the principal value z! at the pointz =1 +i.

Solution (fZ):
Because the pointz =1+ iisinthe domain |z| > 0,—7 < arg(z) < mw, then

from Equation (4.2.9) %z" = iz'=1 we have
d

R = jzi71 = i(1+i) 1t

) z=1+1i
Z=1+1

We can use (4.2.5) z%1z%2 = z%1722 to rewrite this value as:

i(1+D)"T=i1+ DA+ T=i(1+0) T

i(1—1) o 1+i
=(1+i)(1—i)(1+l)_ (1+1i)

2
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5.2.1 (Complex) Power Functions (8 &) &R ]

Solution (f2Z)(cont.):
Moreover, from part (b) of Example 4.2.1 we have

1 (8n+1)m.
{5108 2+ 0 | o — 041,42,

(14 i) = ein(1+) = ¢
We ask for the principal value of (1 + i) for n = 0 because —r < arg(z) < m, then
(140 = o4tz 108 2
Above all, we have

d
dZZ

]_+-l 14+ _m i 1+i =«
( _I_ l)l _ e—z+z lOge 2 — e—zez loge

2 2
~ (0.1370 + 0.2919i

i

z=1+1i
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5.2 (Complex) Elementary Functions (8 &= #15EI%) Part 2:

5.2.2 (Complex) Trigonometric Functions

(EX=AREE)
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5.2.2 (Complex) Trigonometric Functions (&) =&
Recall Real Trigonometric Functions (E=&ABR)

2023/12/21

3 W2

3n/4
5m/6

/3

3n/l

P(x,y) y -
| sin9=X tanf = = secl = —
: r X X
| X X r
x cosf = — cotf = — cscO = —

r y y
Real-plane
y
y = sin(t)
wa 17
/6
T 27 t
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5.2.2 (Complex) Trigonometric Functions (&) =&

Recall that in MAO4 Calculus Il (1##E 7 1),

we have Taylor Series (T 1 5 —#R¥0) :

oo .n 2 3
- X - X X X
e’ = =14+—4+ =+ —=—+ -
=0 1! ]! 2! 3!
- .
) lun+] .?63 lf5 1?
sinx = ), (—1) =X— -+t = =
=0 2n + 1)! 3! 5 7!
oo 1 2 Y | 6
X X X X
cos x = > (—1)" =] — — —— +
= (2n)! 21 4 6
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I

x  x% x3 x* x°

—1+1'+§+3 +4!+5!+--- where x IS a real number
ReplacexW|th ix, then

(ix)? (lx)3 (iX)4 (lx)5

lx —
=1 + 1! + 2! 3! 41 51
ix x% ix3 x* ix°
— - — —_— e ;2 —_— —
=1+ T because 1 1
ix x% ix3 x* ix®

B xz x4- x3 x5
= 1—E+Z— + I X—§+§— .
ie. e =cosx+isinx EulersFormula!
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5.2.2 (Complex) Trigonometric Functions (&) =&

@D e =cosx +isinx Euler's Formula —
Leonhard Euler
_i . LAYALR - £ 45—
@ e” = cos(—x) + isin(—x) (Switzerland) (1707~1783)
= cosx —isinx (4.3.1)
. . e + e
D+@ e¥+e™=2cosx =) cCosSx= > (4.3.2)
ix —ix T : e — e
D-Q@ e*—e ¥ =i2sinx = sinx= 57 (4.3.3)
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5.2.2 (Complex) Trigonometric Functions (8 &) = &I
Definition 4.6 Complex Sine and Cosine Functions (8 & 1EZBA%L

& BEERALER)

The complex sine and cosine functions are defined by:

eiz . e—iz eiz 1+ e—iz
sinz = T and cosz = > (4.3.4)

Analogous to (¥81l9 %) real trigonometric functions (E=8FE%), we can
define the complex tangent (8 = 1E ), cotangent (8 &%), secant (B X 1EF),
and cosecant (8&=&l) functions by using the complex sine (8Z&1E5%) and
cosine (8 &R%):

sin z COS Z

1
cosz' cotz = sin z ' Setz = COS Z and cscz = sin z (435)

tanz =
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I

EXAMPLE (f51%E) 4.3.1 Values of Complex Trigonometric Functions
Express the value of the given trigonometric function in the form a + ib.
(a) cosi (b) sin (2 + i) (¢) tan (w — 2i)

Solution (F2%):

a) By Equation (4.3.4), . .
(@) By Equation (434), iy _ii 1,

COSI = = ~ 1.5431
2 2 Not necessary for the assignment report.
(b) By Equation (434) (same for all others)
' pi(2+D) _ p=i(2+])  o=142i _ p1-2i  ,=1,2i _ 5, o-2i
sin(2+1) = = —
( ) 21 21 21

e 1(cos2 +isin2) — e(cos(—=2) + isin(—=2))
21
~ 1.4031 — 0.4891i
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I
Solution (f2Z)(cont.):

(c) By Equation (4.3.5) and (4.3.4), oi(m=20) _ ,—i(m-2i)

| sin(m — 2i) 21
tan(m = 21) = cos(m — 2i) " elm—2D) 4 g—i(n-2)
2
ei(n—Zi) _ e—i(n—Zi) (ezein _ e—ze—in)i

(ei(n—Zi) 1+ e—i(n—Zi))l' o (ezein 1+ e—ze—in)i cq
(e?(cosm + isinm) — e 2(cosm — i sinm))i
(ez(cosn + isinm) + e~?(cosm — isin n))

—(e? — e™?)i |
~ T2y ~ 09640
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I
Complex Trigonometric Identities (fEEX=A1E%E )

() sin(—z) = —sinz cos(—z) = cosz (4.3.6)
(i) sin®z+cos?*z=1 (4.3.7)
(i) sin(z; + z,) = sin z; cos z, + cos z; sin z, (4.3.8)
(iv) cos(z; *+ z,) = cos z; cos z, + sin z; sin z, (4.3.9)
(v) sin2z =2sinzcosz cos2z = cos® z— sin? z (4.3.10)

(vi) sin(z+ 2m) =sinz  cos(z+ 2m) = cosz Periodicity (Bgt%) (4.3.11)
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5.2.2 (Complex) Trigonometric Functions (&) =&

Recall the sinx , where x € R (i.e. x is a real number (E#{).)
*y=5

y =Ssinx

Notice;: We cannot find a solution for sinx = 5,

when x € R, because [sinx| < 1
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I

EXAMPLE (f5l%8) 4.3.2 Solving Complex Trigonometric Equations
Find all solutions to the equation sinz = 5, where z € C.

Solution (B2 Z):

By Definition 46 __________ (eiz)z —10i(e%) =1 = 0
sin 7 _ elr — iz _c From the quadratic formula (1.6.3) in this Lecture
20 T that the solutions of az? + bz + cz = 0 are given by
Multiplying thls equation by e Jiz _ —(£100 +(=100% —4-1-(-1)
elZ(elZ _e—lZ) B 21
_ c,iz 10i + V=96
21 = 5
piztiz _ ,iz—iz — 1(jei? = 5i + 2V/6i
et?? — 0 = 10ie% = (5+2V6)i
e'?” —10ie” -1 =0 Now we need to solve e? = (5 + 2V6)i
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I
Solution (f2Z)(cont.):

» Fore'” = (5+ 2v6)i

o , Because (5 + 2v6)i is a pure imaginary
lZ_ ln[(S T Zﬁ)l] number (A E%7) and 5 + 2v6 > 0, we
z=—iln[(5+2V6)i] have arg[(5 + 2v6)i] == + 2nn

= —i|log.|(5 + 2V6)i| + i arg|(5 + 2V6)i]]

= — [loge(S + 2\/8) + 1 (g + Znn)] forn=0,+1,+2,...

(4n+1nm
= 2 —Lloge(5+2\/g) forn=0,+1,+2,...
- Fore'” = (5—2v6)i, similarly we have
. in+ 1)m
z= ( > ) —ilog.(5 — 2\/8) forn=0,+1,42,...
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5.2.2 (Complex) Trigonometric Functions (&) =&

Recall the real hyperbolic functions (=X 4R B9 Q).

iy = cosh x

y=e*/2

ef+e™*
2

(@) y = sinhx == _2 (b) y = coshx =

Figure 4.11 The real hyperbolic functions, x € R
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I
Modulus (&% 0 #31{8) of Sine and Cosine Functions

elX+y) _ o—i(x+iy)  o=Y(cosx + isinx) — e¥(cosx — i sin x)

TEE 2i B 2i
e e’ +e Y iy ey —e Y
= sinx > [ COS x >
= sinx coshy + i cos x sinh y where z = x + iy (4.3.16)

cos z = cosx coshy —isinxsinhy

(4.3.17)

|sin z| = +/sin2 x cosh?y + cos? x sinh?y

= /sin? x (1 + sinh?y ) + cos? xsinh?2y  Because cosh’y =1 + sinh®y

= \/sin2 x + (sin? x + cos? x)sinh?y

= \/sinZ x + sinh2y Because sin?x + cos?x =1 (4.3.18)
|cos z| = \/cos2 x + sinh?y (4.3.19)
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5.2.2 (Complex) Trigonometric Functions ({8 &) =8I

Zeros

sinz=0 ifandonly if z=nn forn=0,+1,+2,...

2n+1)m

cosz=0 ifandonlyifz = forn=0,+1,+2,...

EXAMPLE (f51%8) Find the solution to the equation sinz = 0.

Solution (F2%):
« Method 1: Use the similar way in Example 4.3.2.

« Method 2: Recall the Zero in Lecture 1, a complex number is equal to 0
if and only if its modulus is 0, then

Sin z| =
| | O sin2x=0 |:> sinx = 0 :>x=n7t ,forn=0,i1,i2,---

2 T2 —
Jsin? x + sinh?y = 0 = { sinh?y = 0 = sinhy =0 =>y =0 According to the Figure 4.11(a)
Therefore, z=x+iy=nn+i0 =nn ,forn=0,41,42,...
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5.2.2 (Complex) Trigonometric Functions (&) =&
Derivatives of Complex Trigonometric Functions

d d _
—sinz = cosz —Cc0sz = —sinz
dx dx
d 2 d 2
—tanz = sec” z —cotz = —csc” z
dx dx
d d
—secz = secztanz —(cSCz = —csczcotz
dx dx
d . . o L . . o
Proof for ——sinz: d d ([e¥ —e™V et +ie % e¥ 47V
—sinz = = = = CO0S Z
dz dz 21 20 2
Analyticity

« The sinz and cos z are entire (E2ER ).

- But tanz, cotz, secz, and csc z are only analytic (8 #7#9) at those points where
the denominator (73 8) is nonzero (JE€ 0O).
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Review for Lecture 5

« Roots (1R) of a Complex Number
Quadratic Formula QR AZXDED AT)
(Complex) Power Functions (£ &) & X #{

(Complex) Trigonometric Functions (%) = BB
(Complex) Hyperbolic Functions (8 %) W F 4R B8 %L

Exercise
Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAQO6/index.htm|
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Appendix ({1E8)
*Trigonometric Mapping

z-plane
| { | [

— X x o

n [ [

H [ | ||

Computed by Wolfram |Alpha
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