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*6.1 Review of Real Line Integral

(R-ARIE7D)

Notice: In all lecture notes, the contents marked with * are not in the scope of the final examination.
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*6.1 Review of Real Line Integral (E-&R7E %)
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*6.1 Review of Real Line Integral (£-#4%& %)

One-Variable Calculus -- Definite integral (E#&%) of f

b
[ o= im Z e = Jim [FGDtx + FOSx+ -+ £ (5]
a
Area(HE) = x)dx
One-Variable Function y = f(x) ( ) f( )
relationship, called function VA YA
\ ﬂ.’C ——
— f(')TC) \\\Rh ;:// \\
‘ Independent variable I \
dependent variable I
| .
Ax; = Ax, = -+ = Ax,, = Ax,
..e. equal interval (5EFR)
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*6.1 Review of Real Line Integral (E-#%& %)

EXAMPLE (f51Z8) 1. Recall Definite integral (€& 43) in Calculus | (#7& 5 1)
Evaluate the integral |2 cosx dx

Solution (fZ):
VA

'l n T

— y = COS X 2 . 2 . 1T .
cosxdx =sinx|” =sin——sin0 =1
0 0 2
area=1
:
0 m X
\
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*6.1 Review of Real Line Integral (E-&R7E %)

Recall: What is Line integral (#1543)? .

Pe1

Py
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*6.1 Review of Real Line Integral (E-#%& %)

Arc Length (3 R) bolrdx\2 (dy\’
[l
a

PP, | = /(2 — x1)2+ (¥, — y1)?

a A b
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*6.1 Review of Real Line Integral (£-#4%& %)
Line Integral (¥##8%")

If £ is defined on a smooth (8 5 &) or piecewise-smooth (X7 8958 5
A\) curve C, then the line integral of f along Cis

| reeypds= i Ef(xk,ymsk

Asmax|l—0

If this limits exists. (Here the norm ||As,. .|| deflnes the length of the longest subinterval (2349 X&) )

How to compute Line Integral?
b 2 2
By introducing Arc length (I &) L =f J(%) +(%) dt ,we have

ff(x )ds—f fx(®),y(t)) %2+ ﬂzalt
A o Y J\at dt
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*6.1 Review of Real Line Integral (E-&R7E %)
Insight (i@2%) of Line Integrals

In fact, if f(x,y) > 0,

J. f(x,y)ds represents the area (H5)

of one side of the “curtain” .
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*6.1 Review of Real Line Integral (E-#%& %)

EXAMPLE (f5l%8) 2. Recall Real Line Integral in Calculus Il (5#& 5 /1)

Evaluate . (2 + x?y) ds, where C is the upper half of the unit circle
xt+y%=1

™ b R . . .
Solution (% &): Recall that the unit circle can be parametrized by
X =cost, y=sint

And the upper half of the circle is described by the parameter interval
0<t<m

0) Therefore, from the formula in Page 8 of this lecture note, we have

2 2
" _ dx dy
2 2 — 2 2
jc (2 + x“y)ds : (2 + cos“tsint) 7 + 7 dt

—

T
= Jr (2 + cos?t sin t)\/(—sin t)2 + cos?tdt
0
(7 cos3t]” . 2
= 27 —
) 3, 3
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*6.1 Review of Real Line Integral (E-#%& %)

EXAMPLE (/%) 3. Recall Real Line Integral in Calculus Il (##& % 11)

Evaluate [. 2x ds, where C consists of the arc C; of the parabola y = x* from (0,0)
to (1,1) followed by the vertical line segment ¢, from (1,1) to (1,2).

. 7 s ]
Solution (f%Z): (D Because from C; we know y is a function of x, i.e. the domain
YA (x,y) becomes (x,x?%), so we can use x as the parameter ¢, then

* (1,2) x=x, y=x?, 0<x<1

C, A Therefore

Lo fdx\®  (dy\° !
2xds = f 2x (—) + (_y) dx = j Zx\/l + (2x)?%dx
\ \dx dx 0

(1, 1) j

T ' 5V5-1

~=Y

(0,0)

[— —(1+4x2)2]O= )
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*6.1 Review of Real Line Integral (E-#%& %)

Solution (%= )(cont.): L
( N ) @ Because from C, we see a vertical line segment, so we

can use y as the parameter ¢, then
x=1 y=y, 1<y<?2
Therefore

VA ) dx 2 dy 2
f 2xds = j 2:-1- ||—| +(=—) dy
? (ls 2) Co 1 \ dy dy
C, | 2 °
) =f2\/0+1dy=f2dy=2
(1, 1) 1 1
¢ 5v5 — 1
j 2xds = f 2xds + j 2xds = + 2
0.0)] x ¢ “1 C2 °
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6.2 Complex Integral ((EZ1E %)
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6.2 Complex Integral ((8&%ER)

Q: How to represent curves in the complex plane?
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6.2 Complex Integral ((8&%ER)

Parametrization ¢s35 » — 4 %&:R)
of Real curve (=-#%)

—_—
#
—

r(t+h)—r(r)

2024/1/4

y (Im)

Initial Point
A: z(a)i.e. (x(a),y(a))

A

z(a)

Parametrization (¢35 » — 4 &%)
of Complex curve g= %)

C

Terminal Point
B: z(b) i.e. (x(b),y(b))
B

MAO6 Complex Analysis (#2 3= B8 £1iR)

x (Re)

Figure 5.15 z(t) = x(t) + iy(t) as a position vector
z(t) =x(t) +iy(t),a<t<b (521
The points z on the curve C is expressed by a

complex-valued function of a real variable t.
This is called a parametrization of C.
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6.2 Complex Integral ((8&%ER)

Im‘

l

e'’=cos ¢ +isin g

sin @

4

2024/1/4

COS @ I Re

Parametrization (<35 » — 4 &%)
of Complex curve @g=-m%)

z(t) =x(t) +iy(t),a<t<b

-

= z(t) =cost+isint,0<t<2nm

For example,
If x(t) = cost,y(t) =sint,0 <t <2m

we will have

which is a parametrization of the circle C.

-

)
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6.2 Complex Integral (fRE%E )

Recall Piecewise-smooth (X7 89;% 5 H) curve

an
o)
=
=
=Y

A piecewise-smooth

A smooth curve C curve € = ¢, U G,

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H)

=Y

A piecewise-smooth curve
C:C1UC2U"‘UC5
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6.2 Complex Integral ((8&%ER)
] Tangent
D &

Z'(t)

Suppose the derivative of

z(t) =x(t) +iy(t),a<t<b (521 z(t) C
IS

z'(t) = x'(t) + iy’ (6)

X

Figure 5.16 2'(t) = x'(t) + iy'(t) as
a tangent vector (#~X 7 kL)
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6.2 Complex Integral ((8&%ER) y Tangent

P
@~ (1)
Smooth (& 5 #) Curve _ i
A curve C in the complex plane is 0 -
called smooth if Z'(t) is continuous
and NEVER zero in the interval
a <t < b. | x
Figure 5.16 z'(t) = x'(t) + iy'(t) as
In other words, a smooth curve have NO 2 tangent vector (A2 L)
sharp corners or Cusps (). C
Piecewise-smooth (X% #i5 5 ) Curve - . [ A
Z\ 1

A piecewise-smooth curve C is continuous a o
EXCEPT possibly at the points where the cusp (5<53)

component smooth curves C;, G, ..., G, are Figure 5.17 Curve C is not smooth
joined together. because it has a cusp
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6.2 Complex Integral ((8&%ER)

B
Simple (2—) Curve ) B
A curve C in the complex plane is said to be a N
A A
simple if z(t,) # z(t,) for t; # t,, except possibly

for initial point t = a and terminal point t = p. ~ >Mooth simple,  Piecewise-smooth,
not closed simple, not closed

Closed (E7) Curve

A=B
C is a closed curve if z(a) = z(b). O
Simple Closed Curve (B2—FEBiI#R) A=B

C is a simple closed curve if z(t;,) # z(t,)

Smooth, closed, Smooth, simple,
for ¢, # t, and z(a) = z(b). not simple closed

2024/1/4
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6.2 Complex Integral ((8&%ER) exterior

AN
Contour -
A piecewise-smooth curve C is called a integor
Contour or Path. A EB

7

(a) Positive direction

Direction (@1 Z) on a Contour

« We define the positive direction on a contour C
corresponding to increasing values of the parameter t¢.

interior

« Roughly, for a simple closed curve C, the positive
direction is the counterclockwise ([l Y @) direction exterior
or the direction that a person must walk on ¢ and Sh&p
keep the interior (N &R) of C at the left hand.

« The negative direction on a contour C is the (b) Positive direction
direction opposite (X1 M) the positive direction.
« Notice: If C has positive direction, then its opposite curve FilsgautrtehSQ.Eflnhtaerr]lé)r of each curve
can be denoted by —C.
2024/1/4 MAO6 Complex Analysis (#8 3 B 4 5H) 22




y = /\
62 Com pIeX I nteg ral (?E%*E 7] ) Note: Find more explanations in Page 247 ~ 250 of the textbook.

Definition 5.3 Complex Integral ((fB&1& %)

An integral of a function f(z) defined by
fc f(z)dz= ||Az,11i$||—>o kZlf(zk)Azk (5.2.2)

is called a complex integral, where z is a complex number, and f(z) is defined on
a contour C (%E/\Eti) (Here the norm ||Az,,., || defines the length of the longest subinterval (B} 72 X))

o If the limit in (5.2.2) exists, then f(z) is said to be integrable (aJ#& 5 ™) on C.

« The limit exists whenever if f(z) is continuous at all points on C, where C is

either smooth or piecewise-smooth.

» The Complex Integral |. f(z)dz has a more common name: Contour Integral.

2024/1/4 MAO6 Complex Analysis (¥ =R 24:H) 23



6.2 Complex Integral ((8&%ER)

« Specially, we will use the notation

b f(2)dz

as a complex integral around a positively oriented closed curve C.

R

Closed curve C with Positive direction

2024/1/4 MAO6 Complex Analysis (#2 3 B 4 5/)
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6.2 Complex Integral ((8&%ER)
Integral for Complex-Valued Function of a Real Variable Example

I t represents a real variable, then the output of the function f(t) = (2t +i)? is a
- complex number. Fort = 2,
f2)=2:-2+1)?*=16+8i +i% =15+ 8i.

In general, if f; and f, are real-valued functions of a real variable t (that is, real functions),
then f(t) = f1(t) + if,(t) is a complex-valued function of a real variable ¢.

1 1 1

- When we consider the interval 0 <t < 1,
1 1 1 4 1
j(2t+i)2dt=j (4t2—1+i4t)dt=j (4t2—1)dt+ij4tdt=<§-t3—t) +i-2t2‘0=§+2i

0 0 0

__________ N4 S LS . o.x 0T
f(@® f1(t) f2(t)

Then we can define the integral (#&43') of the complex-valued function
f(®) =fi®)+if,()onintervala <t <bas

b b b
ff(t)dt=f fl(t)dt+ij fo(t) dt (5.2.4)

2024/1/4 MAO6 Complex Analysis (#8 &%) 25
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6.2 Complex Integral ((8&%ER)

Theorem 5.1 How to Compute a Contour Integral (i.e. Complex

Integral ) of a Complex Variable

If f Is continuous on a smooth curve C given by the parametrization
Fx—akw) z(t) = x(t) +iy(t),a <t < b, then

b
j f(z)dz= f f(z())z' () de (5.2.11)
C a

where

f(z(®)z' @) = f(z(®))[x' () + iy" ()] = [u(x(©), y(©)) + iv(x(®), y () |[x'(¢) + iy’ (t)]

2024/1/4 MAO6 Complex Analysis (#83% B8 $3#) 26
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6.2 Complex Integral ((8&%ER)

EXAMPLE (5%

1) 5.2.1

y(t)=t% -1<t<4.

Evaluate [. Zdz where C is given by z(t) = x(t) + iy(t), x(t) = 3t

Evaluating a Contour Integral

Solution (82Z&):
oz =x@) +iy() =
~ f(z@®) = z(t) = x(t)
Then by Equation (5.2.11)

jc zdz = j:f(z(t))z'

By using Equation (5.2.4) in t

3t + it?

—iy(t) =3t —it* and Z'(t) =x'(t) +iy'(t) =3 +i2t

4 4
(t)dt = j (3t —it?)(3 +i2t)dt = j (2t3 4+ 9t + 3t2%i)dt
-1 -1

nis Lecture, we have

4 4

1 4

4
f Z'dz=j (2t3+9t)dt+ir
C —1 J

-1

2024/1/4

= 195 + 65i

-1

1
3t2dt =(2-—-t*+9 .= t?
(2030

MAO6 Complex Analysis (#2 3= B8 £1iR)
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6.2 Complex Integral (fRE%E )

EXAMPLE (15 #8) 5.2.2 Evaluating a Contour Integral
Evaluate ¢ ;dz where C is the circle x(t) = cost, y(t) = sint, 0 <t < 2m.

Solution (B&Z):
w z(t) = cost +isint = et

1 , .
 SG0) = s == and Z(0) = ie®

Then by Equation (5.2.11)
1 2TT 2TT . .
fﬁ —dz=f f(z(t))z’(t)dt=f (e~t)iet'dt
c Z 0 0

2T o 2T 2TC 21T
= if ettt gy — if eldt = ij dt =i - t| = 27
0 0 0 0
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6.2 Complex Integral ((8&%ER)

Theorem 5.2 Properties of Contour Integrals

Suppose the functions f and g are continuous in a domain D, and

C is a smooth curve lying entirely in D. Then

(i) . kf(z)dz=k . f(z)dz where k is a complex constant.

(i) f @) + g(@)]dz = f f(2)dz + f 9(2) dz
C C C

(i)) J. f(z)dz = fcl f(2)dz + fcz f(2) dz, where C consists of the smooth curves
C,; and C, joined end to end.

(iv) J_.f(2)dz = - [. f(z)dz where - C denotes the curve having the opposite
orientation (@ &) of C.

2024/1/4 MAO6 Complex Analysis (18 3= B %K) 29
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6.2 Complex Integral ((8&%ER)

EXAMPLE (f4l&8) 5.2.3 C is a Piecewise-Smooth Curve
Evaluate . (x* + iy?) dz, where C is the contour shown in Figure 5.20.

Solution (F2%):
f(z) =x?+iy*> From Theorem 5.2(iii), we have

Y

J (x?2+iyH)dz=| (x*+iy?)dz+ | (x*+iy?)dz
C C1 C2
From the Figure 5.20, we know the curves

@D Ciisy=x,when0<x<1
Therefore, (x(t), y(t)) becomes (x(t), x(t)), it makes
sense that we can directly use x as parameter t, then
zx)=x+ix zZx)=1+1i

Figure 5.20 Contour € = C; U G,
f(Z(x)) = x?% + ix? is piecewise-smooth
2024/1/4 MAO6 Complex Analysis (8 3= B % 5) 30



6.2 Complex Integral (fRE%E ) Y

Solution (£%Z)(cont.): 1 o 1+2i
Then by Equation (5. 2 11)

A G,

(x? +1y2)dz—f f(z(x))z (x)dx—f (x%+ix?)(1+i)dx | .

; —(1+1)2f1x dx = (1+l)21 31—21 .
N - 3 7], 3

@ C,isx=1,when1<y<?2
Therefore, (x(t),y(t)) becomes (1,y(t)), it makes
sense that we can directly use y as parameter t, then  Figure 5.20 Contour € = C; U G;
z(y) =1+iy z2()=0+i=i f(z(y)) — 14 iyz IS plecewise-smooth
Then by Equatlon (5.2.11)

(x? +ly2)dz—Jf(z(y))z(y)dy f(1+ly2)ldy——fy2dy+if 1dy=—§+i

1 1
by Equation (5.2.4)

Combining the results of @ and @), we have |. (x* +iy*) dz = %i + (—% + i)

2024/1/4 MAO6 Complex Analysis (#2 3= B8 £1iR)
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7 5.
— -+l
3 3
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Review for Lecture 6
 Real Line Integral

Smooth / Piecewise-Smooth Curve

Simple, Closed Curve

Complex Integral (Contour Integral)

How to Compute Complex Integral

Exercise
Please Check http://web-ext.u-aizu.ac.jp/~xiangli/teaching/MAQO6/index.htm|
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